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1 Introduction

The main goal of this thesis is to show that the spaces of metrics of positive scalar
curvature R (M) and R (N) are homotopy equivalent, if N is obtained from M by
surgery in codimension of at least 3 and dimension of at least 2. This result is originally
due to CHERNYSH [3] and has been first published by WALSH [15].

Using this, one can also derive the spin cobordism invariance of R (M). This can
be done by making the cobordism 2-connected (this requires a spin cobordism) and
then using handle cancellation and the h-cobordism theorem to deduce that one of
the boundaries of the cobordism can be obtained from the other one by surgeries that
meet our dimension requirements (see [6] & [13]).

In chapter 2 we prepare the proof of the main theorems. We first establish a notation
for this thesis and define scalar curvature. Afterwards we define a topology on the space
of maps between manifolds and show some basic properties of this topology. After
defining the space of metrics R(M), the space of metrics of positive scalar curvature
(psc metrics) RT (M) and the space of standard metrics Ry (M), the last part of this
chapter will be the proof that isotopic metrics are concordant.

The 3rd chapter will consist of the proof of the originial GROMOV-LAWSON surgery
theorem. We will first explain the geometric idea of the proof and then describe the
bending argument. Here we will do a detailed computation of the scalar curvature
formula which will show that there is a slight mistake in the curvature formula from
[6], [13] and [14].

In chapter 4 we will describe the GROMOV-LAWSON-CHERNYSH-deformation, which
takes a given metric and deforms it into a standard metric. This will be the main tool
to prove the homotopy equivalence described above. It has, however, one flaw: It is
not constant on standard metrics, i.e. it cannot be guaranteed that a standard metric
remains standard during the deformation.

Therefore we will take a look at warped product metrics in the disc. Here, the main
goal is to deform a warped metric into a local torpedo metric, i.e. we want to deform
it so that it has a certain standard form inside a small disc.

Chapter 6 will be all about putting the pieces together. We will show that the space
of standard metrics R (M) is a weak deformation retract of the space of locally warped
metrics W(N, 1) and then use the GROMOV-LAWSON-CHERNYSH-deformation to show
homotopy equivalence of W(N,7) and R (M). Surgery invariance of the homotopy
type of RT (M) will then come as an easy corollary.






2 Preliminaries

In the first part of this chapter (2.1-2.5) we introduce notation in order to compute the
curvature of manifolds. For a more detailed introduction to differential geometry and
curvature, see [9]. In (2.6 & 2.9) we prove several lemmata that will prepare the proof
of the GROMOV-LAWSON surgery theorem. In (2.7) we define a topology on spaces
of mappings between manifolds. This is necessary, as we want to prove topological
properties of the space of Riemannian metrics. Subsequently in (2.8) we will define

this space and also the space of standard metrics.

2.1 Tensors

2.1.1 Tensors on vector spaces

Details for this section can be found in [9, chapter 2, pp. 11-14].

Let V be an n dimensional vector space.

Definition 2.1. A multilinear map

F:V*x o .xV*xXVx:--.xV >R

1 copies k copies

is called a (k,)-tensor or k-covariant, l-contravariant tensor on V. The space of (k,1)-
tensors on V will be denoted by T}*(V).

Lemma 2.2 ([9, p. 12]). TF (V) is isomorphic to {F: V* x . xV*xV x . xV —

l k
V multilinear}. As a special case, we deduce T} (V') = End(V).

Definition 2.3. The trace of a (1,1)-tensors A is defined as
tr(A) =Y A(e',e;),
=1

where (e;) is a basis of V and (e?) is the dual basis of V*.

Using this, one can define the trace as a map

s TEHV) = THY)
A — ((wl,...,wl,‘/i,...,vk)Htr(A(wl,...,wl,-,Vl,...,Vk,‘))).

G) -tensor
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Lemma 2.4. There is a natural product, called the tensor product:

®: TF(V) x TP(V) — TP(V)

I+q
(F,G) —» F®G
FRGW' . . T X, X)) = Fh . w0l Xp, . X)) G
"awl+q7Xk+la"'an+p)'

2.1.2 Tensors on vector bundles

Details for this section can be found in [9, chapter 2, pp. 16-21].
Let M be a smooth manifold, T),M its tangent space and T'M its tangent bundle.

Definition 2.5.

M = ] THTM)
peEM
TFM) = T(M,TfM)={f: M — T}M smooth}.

TF(M) is called the space of (k,[)-tensor fields. In particular, one sees that 7(M)
is the space of forms and 71(M) =: T(M) is canonically isomorphic to the space of
vector fields.

The trace and the tensor product for tensor fields are defined in analogy to (2.3)
and (2.4):

tr ﬁiﬁl(M)%ﬁk(M)
© : TEV)xTP(V) = TEPW).

+q

Lemma 2.6 ([9, p. 21]). Any (k,l)-tensor field F is multilinear over C*°(M) (which

will be called C*°-multilinear), i.e.

F(....fa+gB,...)=fF(...,;c,...)+gF(...,B,...)

for all f,g € C°(M).
F induces a C*°-multilinear map

Fo THM) x - x THM) x T(M) x -+ x T(M) — C®(M).

l k

Lemma 2.7 (Tensor Characterization Lemma, [9, p. 21]). A map
F:T' M) x - x TH M) x T(M) x -+ x T(M) — C®(M)

is induced by a (k,l)-tensor field F, if and only if it is C*°-multilinear. Similarly, a
map
F: THM)x - x THM)x T(M) x --- x T(M) = T (M)
! k
is induced by a (k,l+ 1)-tensor field F, if and only if it is C*°-multilinear.




2.2 Riemannian metrics 5

2.2 Riemannian metrics

Details for this section can be found in [9, chapter 3, pp. 23-29].
Let M be a smooth manifold.

Definition 2.8. A Riemannian metric on M is a (2,0)-tensor field g € T2M, such
that:

1. g is symmetric, i.e. g(X,Y) = g(Y, X)
2. g is positive definite, i.e. g(X,X) >0and g(X,X)=0 < X =0.

A manifold M together with a Riemannian metric g is called a Riemannian manifold.
If (M, g) and (N, h) are Riemannian manifolds, M x N has a natural metric k = g+ h,
called the product metric, defined by

k(X1 + X2, Y1+ Y2) = g(X1, Y1) + h(X2, Y2).
For a map a: N — M, the pullback a*g is defined by
a"g(X,Y) = g(Da(X)7Da(Y))7

where Da is the differential of «.
A diffeomorphism ¢: (M, g) — (I, h) is called an isometry, if ¢*h = g.
From now on (M, g) is an n-dimensional Riemannian manifold.
Definition 2.9. The musical isomorphism ? is defined by
CTM = T*M
X = (Y=gX)Y)).

In local coordinates (91, ...,d,), dual coordinates (dz!,...,dz") and g = (g;;) we get:

)(b = g(z XZ(‘?“ ) = Zgi]’Xidej.
) 1,5

b

Since ” is an isomorphism, we get its inverse map

LTM — TM
given by

Wt =" gw;o;,
i?j
1

where g%/ are the coefficients of the inverse matrix g~

These two operators can also be applied to tensors of any rank:

o TR M) TE (M)
P TR (M) = TR (M),
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Definition 2.10. The trace of a (k,0) tensor h for k > 2 is defined as
trgh = trhf.
Then trgh is a (k — 2,0) tensor given by:

tl"gh(Xl, .. ,Xk_Q) = Z h(ai,Xl, e Xk_Q,ai).

2.3 Connections

Details for this section can be found in [9, chapters 4 & 5, pp. 49-76]. In order to talk
about curvature on M, one has to define straight lines in M. If M = R", straight lines
should be given by curves with acceleration identically zero, i.e. curves with constant
first derivative. Connections give us a possibility of differentiating vector fields on a
manifold. Since the velocity of a curve is a vector field, we can use them to define

constant speed curves.

2.3.1 Connections on vector bundles

Definition 2.11. Let 7: E — M be a vector bundle over a manifold M and let £(M)
denote the space of smooth sections of E.

A connection in E is a map

Vi T(M)x E(M) — E(M)
(X,Y) — VxV

satisfying the following properties:
1. VxY is C*-linear in X, i.e.

va1+gX2Y = fVXIY + gVXQY for f,g € COO(M)

2. VxY is linear in Y, i.e.

VX(aYl + bYQ) =aVxY1 +bVxYs for a,b € R

3. V satisfies the Leibniz-rule (product rule):

Vx(fY) = VXY + X(f)Y for f € C=(M).

VxY will also be called the covariant derivative of Y in the direction of X.
Definition 2.12. A linear connection on a manifold M is a connection on 7M.

Remark 2.13 ([9, p. 51]). A linear connection is not a tensor, as it is not C'*°-

multilinear.
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Lemma 2.14 ([9, p. 51]). Let V be a linear connection, and let X,Y € T(U), such
that TM |y is trivializable on U C M and let (E1, ..., Ey,) be a local frame on U, i.e.
(E1,...,Ey,) are everywhere linear independent vector fields. Let X = Y X'E; and

(2
Y = Z Y'E;. Furthermore let I‘fj be the Christoffel symbols, i.e. the smooth functions

7
satisfying:
Vi, Ej =Y T} E.
k

V can be expressed in local coordinates as follows:

VyY = Z(X(Yk) + ZXinrfj)Ek.

k 1,J
2.3.2 Connections on tensor bundles

Lemma 2.15 (]9, p.53]). Let V be a linear connection on M.
There is a unique connection in each tensor bundle leM, also denoted by V, such that

the following conditions are satisfied:

1. OnTM, V agrees with the given connection
2. OnT°M = C*®(M), V is given by ordinary differentiation, i.e.
Vxf=X(f)
3. V obeys the product rule with respect to tensor products, i.e.
Vx(F®G)=(VxF)® G+ F® (VxG)
4. V commutes with the trace, i.e.
Vx(trY) =trVxY.

Let (.,.) denote the pairing of a form and a vector field. V then satisfies the following

two properties:

Vx<w,Y> = (wa,Y>—|—(w,VXY>
(VxF)w!, ..., v, ) = X(Fwh ..., Y,... %) +
=Y P Vxed e YY)
j

=Y P Y, VXYY,

Lemma 2.16 ([9, p.54]). The map VF: TH(M) x -+ x THM) x T(M) x -+ x T(M) —

! k+1
C>*(M) defined by

VFW', .. WY, Y X) =V FW!, ..., Y1, .. V)

is a (k+ 1,1)-tensor field.
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Lemma 2.17 (]9, p.57]). Let V be a linear connection on M. For curve v: I — M
let T(vy) denote the vector fields along v, i.e. the space of smooth maps V: I — TM,
such that V (t) € Ty M

V determines a unique operator
De: T(y) = T()
satisfying the following properties:
1. Dy is linear over R
2. Dy(fV) = fV + fD,V for f € C°(I)

3. If V is any extension of V to a neighbourhood of (I),

DV =Vyp,yV.
D(V) is called the covariant derivative of V' along .

2.3.3 Geodesics

Definition 2.18. A curve 7 is called a geodesic, if Dyy = 0.

Remark 2.19. D.% is the acceleration of v along v. Therefore, a geodesic is a curve

with vanishing acceleration.

Theorem 2.20 ([9, p.58]). Let M be a manifold with a linear connection. For any
pe M,V €T,M and ty € R, there exists an open interval I C R, containing to and
a geodesic vy : I — M, such that vy (tg) = p and Jv(tg) = V. Any two such geodesics

agree on their common domain.

2.3.4 The Levi-Civita connection

Lemma 2.21 ([9, p.67]). The following conditions are equivalent for a linear connec-

tion V on a Riemannian manifold (M, g):

1. V is compatible with g, i.e. for all X,Y,Z € T (M)
ng(Y7Z) :g(vXY7Z)+g(Y7vXZ)

2. Vg=20

3. If VW are vector fields along any curve 7,

d
aQ(Va W) = g(D:V,W) + g(V, DiW).
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Theorem 2.22 (Fundamental Lemma of Riemannian Geometry, [9, p.68]). Let
(M, g) be a Riemannian manifold.
Then there exists a unique linear connection V on M, called the Levi-Civita connection
being compatible with g and symmetric, i.e. VxY —Vy X = [X,Y], where [_, | denotes
the Lie bracket:

[X,Y]=X(Y)-Y(X).

In local coordinates, the Christoffel symbols of the Levi-Civita connection are given by:

gL Kl % 9gil _ 99ij
I = 2 Zg (81‘1' Or;  Ox ):

where g are the components of the inverse matriz g~ '.

2.3.5 The exponential map

Definition 2.23.
&:={V € TM: vy is defined on an interval containing [0, 1]}.

The exponential map exp: & — M is defined as follows:

exp(V) == v (L).

Lemma 2.24 ([9, p.76]). For any p € M, there is a neighbourhood V of the origin in
T,M, such that exp : V — exp(V) is a diffeomorphism.

The exponential map allows us to talk about distances on M. If ¢ > 0 is small
enough, we can transport B(0,e) C T, M onto M. We write ||z — y||, for the distance

between z and y with respect to the metric g.

Definition 2.25. Let N C M be a closed submanifold. The normal exponential map
expt: 1/]\]\/[[ — M is defined as the restriction of the exponential map to the normal

bundle.
Proposition 2.26. The normal exponential map is a local diffeomorphism.

Proof. The proof for the previous lemma in [9, p.76] reveals that the differential of
the exponential map on a single tangent space at the origin is the identity. Since
vl = N xT, N+ locally we get canonical identifications T($7U)I/]\]\/[[ = T(m,)(NXTxNJ') =
TN x TN+ = T, M. So the differential is the same as the one of the usual exponential
map, i.e. it is the identity around the origin and thus the normal exponential map is

a local diffeomorphism, too. O

2.4 Curvature

Details for this section can be found in [9, chapter 7, pp. 116-124].
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2.4.1 The curvature tensor

Definition 2.27. The map R: T(M) x T(M) x T(M) — T(M) defined by
R(X,Y,Z):=VxVyZ - VyVxZ -V xy1Z

is called the (Riemann) curvature endomorphism.

Proposition 2.28 ([9, p.117]). The curvature endomorphism is a (3,1)-tensor field,

i.e. it 18 C°-multilinear.

Definition 2.29. The (Riemann) curvature tensor Rm € T4(M) is defined by
Rm(X,Y,Z, W) :=g(R(X,Y,Z),W).

In other words: The curvature tensor is obtained from the curvature endomorphism

by applying the musical isomorphisms.

Proposition 2.30 ([9, p.121]).
Rm(X,Y,Z, W) = —Rm(Y,X,Z,W)
Rm(X,Y,Z,W) = —Rm(X,Y,W,2)

Rm(X,Y,Z,W) = Rm(Z,W,X,Y)
0 = Rm(X,Y,Z,W)+Rm(Y,Z,X,W)+ Rm(Z,X,Y,W).

2.4.2 Scalar curvature

Definition 2.31. The Ricci curvature Ric and the scalar curvature x are defined by

Ric(X,Y) = tr(Rm)(X,Y)
k= tr(Ric) = tr(tr(Rm)).

If (E;) is an orthonormal local frame for TM, we get
Rie(X,Y) = S Rm(B, X,V,E) "2" S Rn(X,Ei, E,,Y)

k = > Rm(E; E; E;, Ej).
i
Remark 2.32.
k=Y Rm(E;, E;, E;, E;) =2 Rm(E}, E;, E;, E))
i#i i<j

since Rm(EZ-,Ei,Ei,Ei) = 0, which can be seen from (2.30).



2.5 Riemannian submanifolds 11

2.5 Riemannian submanifolds

Details for this section can be found in [9, chapter 8, pp. 131-141].

Definition 2.33. Let (M, §) be a Riemannian manifold. A Riemannian submanifold
of (M, ) is a Riemannian manifold (M, g) together with an embedding ¢: M < M,
such that g = ¢*§. In this situation M is called the ambient manifold.

Remark 2.34. Without loss of generality, we may assume that M C M, so the metric
g is just the restriction of g to M. Therefore, in this section g denotes both the metric
on M and M.

2.5.1 The second fundamental form

Definition 2.35. Let X,Y be vector fields on M, which are extended arbitrarily to
M. We have a decomposition
@XY = (@Xy)'l' + (@XY)L,
where (VxY) T is tangent to M and (VxY)" is normal to M. The second fundamental
form II is defined by
L: T(M)xT(M) — N(M)
(X,Y) = I(X,Y)=(VxY)",

it N(M) =T(M, 1/]\]\7/[[) are the sections of M into the normal bundle 1/]\]\2[ of M in M.

Lemma 2.36 ([9, p.134]). The second fundamental form is independent of the exten-

stons of X andY, symmetric in X and Y and C*°-bilinear.

Theorem 2.37 (Gauf} curvature equation, [9, p.136]). For any X,Y,Z, W € T(M)

which are extended arbitrarily to M the following equations hold:

VyxY = VxV+I(X,Y)
Rm(X.Y,Z,W) = Rm(X,Y,Z,W)-g(I(X,W),1(Y,2)) + g(L(X, Z),L(Y,W)).

Lemma 2.38 ([9, p.138]). For a curve vy in M and a vector field V' tangent to M, we
have
D,V = D,V +1(%,V).

Lemma 2.39. Let M C M be totally geodesic, i.e. for everyp € M,V € T,M, the
geodesic vy of M is already a geodesic in M. Then the second fundamental form of

M wvanishes everywhere.

Proof. Let p e M,V € T,M and let vy be the geodesic, i.e. Dy = 0. Since M C M
is totally geodesic, 7y is a geodesic in M, hence Dyy = 0. Using the Gau§ curvature

equation for the derivative along a curve (2.38), we see

I(V,V) = I(V,%y) = D;V — D;V = Dy — Diyy = 0.
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If VW € T(M) one gets:

0=1(V +W,V+W)=LV,V)+ LW, W) +2I(V, W)

=0

and thus I(V, W) = 0. O

2.5.2 Riemannian hypersurfaces

Let dimM = n, dimM = n + 1 and let N be a unit normal vector field of M in M.
Since I(X,Y) € N (M), we can write

I(X,Y)=h(X,Y)N,

where h(X,Y) := g(I(X,Y), N).

Definition 2.40. The shape operator s is defined to be the map
s: T(M) — T(M),

such that
9(X,s(Y)) = h(X,Y).

Since h is symmetric s is a self adjoint. Let (E;) be an orthonormal basis of eigenvectors
of s, such that s(E;) = \;E;. Then the E;’s are called the principal directions and the

A;’s are called the principal curvatures.

Proposition 2.41 ([9, p. 148]). The shape operator s is given by

s(X) = —VxN.

2.6 Riemannian submersions
In this section we gather a few facts from [11] and [2].

Definition 2.42. A map f: M — B is called a Riemannian submersion if f is a
submersion and f is an isometry on the horizontal part of the T'M .The horizontal
part of T'M consists of all tangent vectors X € T,M which are orthogonal to the
tangent space T, f 1 (f(b)) of the fiber f~1(f(b)) =: Fy. Let TipyM and T(,yM denote
the horizontal and the vertical part of T M.

Definition 2.43. We define the maps

H:TM — T(h)M
V:TM — T(v)M
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as the horizontal and the vertical projection of the tangent spaces of M. Furthermore,

if £, F are vector fields, we define

TeF = HVVE(VF)—i-VVVE(HF)
AgF VVueg(HF) + HVye(VF).

Let (X;) be an orthonormal local frame for 7(;yM and (U;) be an orthonormal local
frame for T{,,)M. We then define

N = ZTUjUj

SN = —JZZ«DXZ.T)UjUj,Xi)

A2 = ZZZAXinaAXin)

ITP? = ZZJ:(TUJ.XZ»,TUJ.XZ-).
(2]

Proposition 2.44 ([2, p. 244]). Let (M, g) be a Riemannian submersion over (B, g)
with fiber (Fy, gy) over b € B, where g, = g|r, and let m denote the projection map.
Let k, Rk, k be the scalar curvatures of the corresponding metrics. Then
k=Fkom+k—|A*—|T|* = |N|> = 20N.

Lemma 2.45 ([11, p. 461, p.465]). Let V,W be horizontal and X,Y be vertical vector
fields, let V, V and V denote the Levi-Civita connections of M, F and B and let g be
the metric of M.

1. VyW =Ty W + VyW

2. Rm(X,Y,Y,X) = Rm(X,Y,Y, X) = 3[| Ay X||?

5. Rm(V, X, X,V) = g((VxT)WV, X)) = |TvX|” + | Ax V|

4. Rm(V,W, W, V) = Rm(V,W, W, V) — [Ty W|]* + g(Tww W, Ty/V).

Lemma 2.46. If Fy is totally geodesic in M, we have T' = 0. In this case, we have

the following inequality for the scalar curvature:
K> R4k —6]A]%

Proof. T = 0 follows immediately from (2.37), (2.39) and (2.45).
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For the scalar curvature we compute:
K = ZRm(Eiijij7Ei>

7‘7j
= 2 Z Rm(E;, E;, B}, E;) + 2 Z Rm(E;, E;, B}, E;)

i<j<p 1<p<j
+2 Y Rm(E;, E}, E}, E)
p<i<j
2.45, 2., 3. & 4. ~
G (N Rn(B B B E) -3 Y A B+ Y AR B
i<j<p i<j<p i<p<y
<3|4]? 20

+ Y Rh(Ei,Ej,Ej,Ei))
p<i<j
f4 i — 6| A2

v

2.7 A topology on C*°(M, N)

Definition 2.47. Let M, N be two smooth manifolds, (U, ), (V, %) charts and K C U
compact, such that f(K) € V, f € C*°(M,N) and ¢ > 0. A subbasis of the C"-
topology is given by the sets N (f, U, ), (V,¢), K, 5) being defined by:

gEeN(f,(Up), (V.9),K,e) : <= g(K) CV and

| DF(yp fo~1)(x) — DF(hge) ()| < e
Ve € p(K),k€{0,...,r}.

As an abbreviation we define
1591, (2) = | DR s ) (@) - DEwge) (@)
The C*-topology is defined as the union of all C"-topologies.
Remark 2.48. The C*°-topology defines a first-countable space, which can be seen by
choosing {%}nEN fore. So by [/, p. 258] continuity can be verified by the sequence

criterion, i.e. a is continuous, if and only if f, — f implies a(fn) — a(f).

Proposition 2.49. If an,fo;,go () — 0 for two charts 1, and for all x € @(U),
then it holds for any other charts ¢, ¢, provided, x € ©'(U’) and f(¢'(x)) € V'.

Proof. Since || fn, f”i,w (x) — 0, there is an nyg, such that f,(¢'(z)) € V' for all n > ng
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and the following expression is well defined for big n.

o £y o () = |l 0 fae 067 0 o 0| ()
| Drwr s a0 " (@) — DY fio o ()
= [ID*(W'Y D (W fap™ ) DF (0 ) ()

—DR DR f~ ) DF (0 ) ()|

= | D) (D™ = DFwfe™)) DH(ge (@) = 0.
N———

ep(UNU")

—0
Since the transition maps are smooth, every derivative of them is continuous and thus

the entire term converges to 0. O

Proposition 2.50. If (p,U) is a chart and K C U, then we have the following equiv-
alence:

For any € > 0 there is an ng € N, such that for all n > ny, ||fn,f||ijg0 (x) < e for all
reK — an,fojw(x) — 0 forallz € K.

Proof. =" is clear. <" Since || fn, f“TI/ﬂMo : o(U) — R is continuous,

(U fas I5,0) " (=2,8) = U C 0(U)

is open. Since || fp, sz‘p () = Oforall z € p(K), thereis an n, € N, such that, z € U,

for all n > n,. Then UKUmc is an open cover of ¢(K) and since K is compact, there
re

is a number ng € N, such that p(K) C Uy, for all n > ng. Hence || fy, fHZM (x) <€
for all n > nyg. O

Proposition 2.51. We have the following equivalence:

1. For alle >0, r > 0, there is an ng, such that an,foZ’w (x) < e for allm > ng
and 0 < k <r.

2. For alle >0, k > 0, there is an ng, such that || f, fop,@ (x) < e foralln > ng

Proof. 71. = 2.7 is obvious.
72.=1.” Let r > 0. For every 0 < k < r, there is an nj € N, such that || f,,, fob,so (z) <

¢ for all n > ny. If we then choose Ny := 01225 ny and then
SKRST

Hf”’f”:/i@ (x) <eforalln>Nyand 0 <k <r.
O

Remark 2.52. The first two of these three propositions imply that convergence of func-
tions in the C'°-topology can be verified pointwise and it does not matter which chart
we use. By (2.51) we only have to verify that for all x € M we have || f,, f||$#) (x) =0

in some charts 1, p and for all k.
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Proposition 2.53. The map f+— Df is continuous in the C'°°-topology.

Proof. Let f, € C*(M,N) be a sequence converging to f. Since charts for TM and
TN are given by the differentials (U xT M|y, (¢, D)), one derives continuity by (2.52)

and:

since frp—f
ol k+1 k
€ > Hfafn“*;b—:a (.Z'): ”Df7'Df7’lHD’l/J,D<p (1.)

O]

Proposition 2.54. The map C°(M,N) x C*°(N,L) — C*®°(M,L), f,g+— go f is

continuous.

Proof. This follows from the fact that the C°°-topology we defined is the same as the
oo-jet-topology [8, p. 62] and from [10, p. 68]. Here, this is only proven for the case
that f is proper.

The proposition is still true, if f is not proper, but as we only need it for the case

of proper maps this proof suffices for us. O

Corollary 2.55. The pullback map Emb(M,N) x R(N) — R(M) is continuous.
Proof. The pullback map factorizes through

Emb(M,N) x R(N) — Emb(M,N) x C®(M,T?N) — R(M)
(f,9) — (f,9(f)) — f*g.

where g(f) and f*g are defined as follows: Let z € M, VN,Wn € Ty N and
Vv, Wy € T, M. Then

9() (@, V, W) = (go f(x))(Vn, Wn)
= (9(f(@)) o (Dof, Daf)) (Var, W),

These two maps are continuous by (2.53) and (2.54). O

Lemma 2.56. Let h: C*°(R x R",R") — R"™ be a continuous function.
Then the map

o: C*°RxR"R") — C°R,R")
f = o(f) ==z, such that ©(t) = f(t,z(t)) and x(0) = h(f)

18 continuous.
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Proof. By (2.52) it is enough to consider the identity as charts. So it suffices to examine
o (fn), o (F)||F (). If x(t) is a solution to the above differential equation, we get that

a(t) =[5 f(s,2(s))ds + z(0)
lo( e DI () = llo(f)E) — o(F)@)]

_ ‘ [ utssmaloas +100) ~ [ 5Gs.x(s)ds + n(s)
0 0

S ‘

/0 F(5,20(5)) = fu(s, 2(s))ds

+/ [ fn(s,2(s)) = f(s,2(5))l| ds + [[n(fn) = h(S)] -
0 —0

—0

N~

=:a,—0
Since f,, is smooth for every n, it is Lipschitz with constant K, on the compact subset

[0,t] C R and as f, — f, we get for all ¢ > 0 and n big enough:

1fn(@) = Fa@ll < [lfnz) = F@I + (@) = FOI + [ f2ly) = F W)
————— N—————

—0 —0

< Kz -yl +e.

and so K,, - K and so Ky can be chosen, such that || f,(z) — fn(v)| < Ko ||z — y|| for
all n. Then

onls) = o0 =)l = | [ Fa(s6) = ooz + 0

t t
< / Ko ||lxz(s) — zn(s)|| ds + an = an + / o(s)ds.
0 0
and Gronwall’s lemma then tells us that

lo(£a), o (D" (1) = l|2(t) = za()ll = @n(t) < anexp(Kot) = 0.
We can now conclude the lemma by induction.
lo(fa), o (NI (2) [ fn((t, 2 (1)) = f (£ 2(0))]]
an((t’xn(t)) - fn((ta“r(t))H + an((t’x(t)) - f((tax(t))H —0
<Kollz(t)—zn(t)[| =0 —0

ot o @ = ()" (ultsn) - sie.000)|

= NF(far- s fED 2n(t), ..o 2B D(1),8)

—F(f, ., fED 2@), . a0 @), 1) |,

where F' is a polynomial which comes from the derivation. By induction hypothesis we
(k—1)

IN

know that x converges point wise to 2*~1) and so every argument of F' converges
and since polynomials are continuous we get that the entire right hand side converges

to 0. Putting all the pieces together, we obtain

o(fn) = o(f)



18 2 Preliminaries

and thus the map o is continuous. O

Remark 2.57. Lemma (2.56) tells us that the solution of any first order ordinary
differential equation depends continuously on the defining equation and the initial value.
Since we can translate any higher order ordinary differential equation into a system of
several coupled first order differential equations, we get that the solution of any ordinary
differential equation depends continuously on the defining equation (or equations) and
on the initial values. This also holds if we have ordinary differential equations on

manifolds, since we can look at them in local coordinates.

2.8 The spaces R (M) and RJ (M)

Definition 2.58. A torpedo curve of radius ¢ is a curve in R? which starts with a

horizontal line segment at (0,¢) and ends in the arc of a circle of radius e.

e

Figure 2.1: A torpedo curve of radius

A torpedo metric of radius € on DY is the metric induced by the restriction of the

euclidian metric on Rt to
T, :={(z,t) e RI xR : (||z]|,t) € Graph(~:)} = D1.

Remark 2.59. Sometimes the following is also used as the definition of a torpedo
metric:

A torpedo metric is a metric of positive scalar curvature on DY, which coincides with
the round metric on S9=' = 9DY and is the metric of the standard round sphere S9

near the center of DY.

Definition 2.60. We define

R(M) = {g€C®(M,T>M) : g is a riemannian metric}
RY (M) = {g € R(M): g has positive scalar curvature}.
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We equip the space R(M) with the C*®-topology and the space R* (M) with the
subspace topology.

Definition 2.61. Let 7 be a tubular neighbourhood of N? in M™, let gg be a torpedo
metric of radius Ty and let g be a metric on V. A metric g is called a standard metric
with respect to 7, gg and gy, if
779 = gn + 9o

We define

Ro(M) = {ge€R(M):gis astandard metric}

RE(M) = Ro(M)NRH(M)
and equip them with the subspace topology. The dependence on 7, gg and g is omitted
in this notation.
Proposition 2.62. Let U C M and let Oy, ..., 04, be alocal frame for TU. The map

k
g — 15,
which maps a given metric to its Christoffel symbols (in local coordinates) is continuous.

Proof. In local coordinates, the Christoffel symbols are given by

1 dgji | Ogu  0gij
rk— = Kl (9951 _ 995\
) ;g (61:,- + Or;  Oxy )

By (2.53) we know that the terms of the form % are continuous in g. By Cramer’s
rule, we have:

(_1)k+l
- det(My),

det(g) et(Mp)

where My; is given by omitting the k-th row and the [-th column of g. Since the

kl

determinant is given by a polynomial, it is continuous and we can conclude that the

given map x;ji, is continuous for every 7,7,k € {1,...,n}. O

Proposition 2.63. Let (¢, u), (v, V) be charts of R(M) that map fibers to fibers and
are fiberwise linear. Then N (f, p, ), K, 5) is starshaped for all v € N, with respect to

fiberwise addition and multiplication.

Proof. Let g € N"(f,¢,¢, K, ). First we show that (tf 4+ (1 —t)g)(K) C V, which is
clear, because f(K) C U D g(K) and because addition and multiplication are defined
fiberwise.

Now we examine || f,tf + (1 — t)gﬂi#jz
1.+ (1= 0gll, = [|[PH(re) = DHw(ts + (1= 9)0)|

11—t HD’“(W@D) — D" (vgp) H <e.

This completes the proof. O
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Proposition 2.64. Let g1, g2 be two metrics on M. Then the maps I — R(M),t —
tgr and I — R(M),t — (1 —t)g1 + tga is continuous.

Proof.
11 = g1 +tg2), (1 = t)gr + tngs) [},
= HD'“W o ((1—1t)g1+tga) o) — D*(¢h o (1 —t,)g1 + tnga) © @)H

< (1= ) = (1= ta)l | D er0)|| + 1t = tal | D*2| > 0.

The last inequality originates from the fact that the multiplication occurs only in the

fibers and we can choose the charts to be fiberwise linear. O

Corollary 2.65. Let M be compact. If g, — g in RT(M) for the C"-topology for
some r > 1, then for some n > 0 g, lies in the same path component as g for the

C*>-topology.
Proof. We have the continuous function

k:R(M) — R
B s(h) = min(s(2),
where " (z) is the scalar curvature of h at the point x. From the definitions we see
that the Christoffel symbols depend continuously on the metric and its first derivative,
the curvature tensor depends continuously on the Christoffel symbols and the scalar
curvature depends continuously on the curvature tensor. We get that this map is
continuous in the C" topology if r is at least one (note that we need the first derivative
of the metric to define the Christoffel symbols!).

Since g is a metric of positive scalar curvature and M is compact, we know that
k(g) > a for some a > 0. We deduce that there is an open neighbourhood U of g in
R(M), such that k(U) C (a,00) and so every metric in this neighbourhood is a psc
metric. Since g, — ¢ in the C"-topology we know that for n big enough g, € U and
without loss of generality, we may assume that U = N” (g,go,¢,K , e). This is star
shaped, which means that the linear path tg, + (1 — t)g lies entirely in U C R™(M).
Thus, we have created a path from g, to g which is continuous in the C'**°-topology by
(2.64). O

2.9 Isotopy implies concordance

Lemma 2.66 ([0, p. 425], [14, p.73]). We have:

1. The principal curvature of an embedded hypersurface S"~'(g) are of the form

L .
—2 +O(e) for small epsilon.

2. The term O(e) depends on the metric and its derivatives.
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3. Let g. be the induced on S" 1(g) and let 9o, be the standard euclidian metric of

1

=. Then as e — 0, e%gg — E%goje = go,1 n the C?-topology described

curvature
in (2.7).

Proof. 1. and 3. are proven in [6, p. 425] and [14, p. 73]. For 2. we are going to
examine the computation in these two papers. The following terms are the one, where

an O(.) arises:

gij(x) = &+ Y affwrm+O(|z[)
Tl

k= Y+ o)) = o))
!

. 1
g(Dt’Y)el) = _g+1—‘l22(5,0,...70).
N———
=0(e)

So the O(e) only depends on the derivatives of the Christoffelsymbols which depend

on the metric and its derivatives. O

Remark 2.67.

g(r) is O(f(r)) < A, BeR:A-f(r)<g(r) < B f(r), for all T <

Lemma 2.68 ([0, p.430]). Let g;,t € [0,1] be a continuous (in the C*>-topology) family
of metrics on a compact manifold X. If the scalar curvature of g; is positive for all t,

then there exists an ag > 0, such that for all a > ag, the metric
h = gyjq + dt?
on X x[0, a], where dt* denotes the standard metric on R, has positive scalar curvature.

Remark 2.69. This lemma is an elementary way of stating that isotopic metrics are

concordant.

Proof. Let V and V be the Levi Civita connections with respect to gp and h® and let
(x1,...,Zny1) be local coordinats at a point (p,t) € X x [0,a], where ¢t = zp41. We
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get:
n . .
gt/a(xlv s ;$n) = Z (gt/a)i’j(xla s axn) dz*dz’
" =:9i5(T1,..,Tn t/a)
n+1 4 '
h*(x1,...,Tpp1) = ny?j(xl, ooy Tpg1)dztda?
i’j
= Zgij(l‘l, R L—H)dibzdl‘] + dt?
i “
Tn+1
(gij(:rl, ceey 7)) o 0
Y@y Tpy1) = AN
0 1
_ (gij(‘rl?"'ﬂM)). . 0
('ya) l(xl,...,an) = a 2y
0 1

We will now compute the Christoffel symbols (I‘“)?;rl of the Levi-Civita connection

with respect to h®:

0, ifi=n+lorj=n+1
8’}’% 99:; T4l e -
B (X1, Tpy1) = Do (w1,..., 72), ifi,5,l <n
i%@lj(xl,...,x"a“), ifi,j<nandl=n+1
1 NG oy O
Fak.zf a\kl J il 1]'
(T 2 Zl:(’y ) (&Ei + Or;  Ox )
If 4,7 < n, we have:
(Fa)nJrl = EZ a n+ll 8711 + a%ql _ 87%) — 1(87?7"+1 afyszrl o 8’qu]' )
v 2 l 0331 Ox; oxy 2% Oz Ox; 0Tn1
,5n+lz 5 T
_ 10y 11 dgy
2 8a:n+1 2 a a$n+1
1
= o)
oM 11 0 O, 11 0w 1
0T i1 2a0rp11 Orpi 2a? 022 41 a?
(Fa)n—i-l _ 1 aryﬂ-i-ly] =0
ntlj 2 3xn+1 -
0l il 1
Fa m ) — - a ml .] — O ).
( )n-i—l,] Z 8xn+1 (a)
=0(1) ~—~—
=0(})
Since (g¢) is a continuous family, the function ¢ — aig” (z1,...,Tp,t) is continuous

on the compact space [0, 1], hence it is bounded, which is the reason why

92]
OLn 4+

- is O(1).
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If we consider X C X X [0,a] as a submanifold, we can use the Gauss curvature
equation (2.37) to compute Rm(d;, 0;,0j,0;) as long as 4, j < n. In order to do so, we

need an estimate for the second fundamental form of X in X x [0,a]. Let i,5 < n.

]I(&i, 8]) = (?aiaj)L = h (Z(Fa)gaka 8nJrl) : an+1
k

1
= ([T5" 0ni1 = 0(2) - Onga.

Applying the Gauss curvature equation (2.37), we get for i, j < n:
R~m(8i, 8]‘, 8]‘7 8,) = Rm(ai, aj, ﬁj, 81) + g(]I(ai, 8]‘), H(ai7 8])) — g(H(ai, &), ]I(aj, 83))
1
= Rm(0;,0;,0;,0;) + 0(9)
So what’s left is to compute Rm(8;, Opy1,Ons1,0;) = Rm(Oni1, 85, 03, Opy1).-
Rm(an+1aaiaaiaan+1) = Q(R(anﬂ,ai,ai),awrl)
_ g((%n+ﬁaiai ~VoVondi =V, ai]ai),anﬂ)
N—_——

=0

= g((@an-&-l Z(Fa)gak - @& Z(Fa)fl-i-l,iak) R 8n+1> .

k k

ST (e S ) 0

k k
- o
Vo, (s Z((al”*“ + R )
k k !

Hence,

ot AT,

O0%p41 Ox;
=0(3) -
a\m a\" a\m a\n 1
+Z|: F zz F ni%m (F )n—l—l,ix(r )mJ,ril] = O(?)
=0 —0()
Overall we see:
/ﬁ:XX[O’a] = Z R%@(@,-,aj,ﬁj,ai)
ij<n+1
= Z R%@(@i,aj,éj,ai) + QZR%%(@nH,@j,aj,@nH)
i,J<n 7j=1

1 1
= D Rm(8:,0,0;,0) + O() = 5™ + O().

L,j<n
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Thus, if @ is big enough, xX*%4 is positive on an open neighbourhood of p x [0, a],
since our computation did not depend on the value of t. Since X is compact we can
cover it by a finite number of those open subsets, each one with perhaps a different
constant a. We then choose the biggest of these a and we get that X X [0, ayqs] has

positive scalar curvature. ]
Remark 2.70. From the equation
K;XX[O,a] _ :‘QX + O(i)
a2

we see that the same proof works, if we replace the condition ”positive scalar curvature”

by ”scalar curvature greater than B € R”.



3 The Gromov-Lawson surgery theorem

The construction in this chapter originates from [6].

Theorem 3.1 (Gromov-Lawson surgery theorem, [0, p. 423]). Let N be obtained from

M by surgery in codimension at least 3. Then:
RT(M) # 0= R"(N) #£9.

Remark 3.2. We will use the term "psc manifold” as a synonym for manifold, which
carries a metric of positive scalar curvature”.

The assumption of codimension at least 3 is vital. If it is dropped, one easily finds
the counterexample of the 2-Torus, which is obtained from the 2-sphere by surgery in
dimension 0, i.e. codimension 2. However, the 2-sphere is a psc manifold, whereas the
2-torus is not. This follows from [7, p. 210].

3.1 Outline of the proof

The strategy of this proof is to use the flexibility of surgery. Since surgery is only
defined up to diffeomorphism, one can stretch and bend the manifold. So in a way, we
do not search a metric of positive scalar curvature, but rather take a given metric and
deform the manifold until it is a psc manifold.

So, let M™ be the manifold from (3.1) and let SP be the embedded surgery sphere
with trivial normal bundle which can transported to M, using the exponential map.
So without loss of generality, we may say that we have an embedding SP x D7 — M,
where ¢ = n — p > 3. We identify S x D? with its image under the embedding.

Figure 3.1: A part of the manifold with embedded SP x D4

25
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The goal is to replace SP x D? by DPtl x §9=1. We do not take a standard disk
DPF! but we put a cylinder in between and perform the surgery on top of it. This will

give us the opportunity of changing the metric on the cylinder using (2.68).

Figure 3.2: Inserting a cylinder

Our goal is to make the scalar curvature on the S9! big enough, so that we can
use (2.46) to estimate the scalar curvature on S? x S9=!. This means decreasing the

radius of D?. So we won’t take a straight cylinder, but we bend the edge near M.

Figure 3.3: Bending the cylinder near the manifold M

So we get that our cylinder starts in M and ends at S? x S9=!(¢), where £ > 0 is the
diameter of the normal sphere. The metric on S97!(¢) converges to the standard round
metric (2.66) and by (2.65), we can homotope the metric on SP x S9-1(g) through psc
metrics to one, where the second factor carries the standard round metric of radius &,
if € is small enough.

Let g; be a straight line from the metric on S? x $771(¢) to the product metric of two
standard round spheres. Then SP x S97!(¢) is a Riemannian submersion with totally
geodesic fibre S771(¢) (Note that the metric on S7~!(¢) is the same everywhere). This

means we can use the estimate (2.46) derived from the O’Neill formulae [11]:
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-1 —1
gySTE) S ST ST 6142 > 0. (3.3)
—— —_———
ST >0 >C

The last part can be interpreted as a smooth function in ¢ over the compact set
[0,1] which takes its minimum and maximum, hence it is bounded from below by
some C' € R. If € is small enough, and thus £5TE) s big enough, we can maintain
nf PXSITHe) > 0 for all t. Putting these two homotopies together, we get a homotopy
from the metric on SP x S971(¢g) at the end of the cylinder to the product metric of
two standard spheres.

Using (2.68) we can put the metric h* = g,/, +dt?, belonging to the above homotopy
on the cylinder, for some big enough a. We then achieved that the cylinder ends on
SP x S971(g), where both spheres carry the standard round metric. We then glue
in DPt1 x §971(¢), where we regard DP*! as the upper hemisphere of SP*!. Since
SP C SP*l s an isometric inclusion, i.e. the metric of S97!|gq is the same as the
standard round metric of S¢, we get that the metrics on DP*! x S9=1 and the one on

the end of the cylinder agree on the boundary.

~ Standard metric
> on SPxsd-1(g)

Figure 3.4: Inserting a cylinder
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So the metrics can be glued together as well and we get that the new manifold,
obtained by this surgery has a psc metric.

If N is obtained from M by surgery, we know that there is a diffeomorphism from N
to a manifold N’, which is obtained from M by surgery like the one described above.
We then take the metric on N to be the pullback of the metric on N’ under this

diffeomorphism and deduce that there is a psc metric on N.

Remark 3.4. The above estimate (3.3) also works, if we take any manifold N instead

of SP and take fired metric gy on N. In this case, we derive:

Corollary 3.5. Let gy be a fixed metric on N. If g is an arbitrary psc metric on M
restricted to N x S1=1(e), then for some small enough ¢, there is a homotopy through

psc metrics from g to gn + g, where g- is the standard round metric of radius €.

Remark 3.6. We did not yet use the vital assumption of n — p > 3. So there has to
be a point in the proof, where it is hard to make the scalar curvature remain positive.
Since the bending is the only thing, we haven’t done yet, we may conclude that it has

to show up there. The bending will be described in the next section.

Corollary 3.7 ([6, p. 423]). The connected sum of two psc manifolds of dimension a

least 3 is a psc manifold.

Proof. Let M™ be a manifold as above and let D™ — M be an embedding. After
cutting out the interior of D™ and performing the same procedure described above, we

arrive at the following situation:

standard round spheres
of small radius
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On the boundary, the metric is the standard round metric of a sphere (of small
radius). If we do the same thing with the other manifold we get the same thing twice
and we can glue these manifolds and their metrics together, since the metrics coincide

on the boundary. O

3.2 The bending argument

We will describe the bending by using a bending map 7: [0, 00) — [0, 00) X (0,7), where
7 is the radius of the embedded g-disc. We then define M, C SP x D? x R by

(@,y,8) € My <= (llyll,,t) € Graph(y)
<= da € [0,00), such that v(a) = (|lyl, . ?)

Figure 3.5: Describing the bending

where [|y[|, denotes the distance from y to the origin of D?. M, is the result of the
bending, i.e. the bent cylinder that sits on top of the manifold M.
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Now we have the task to choose v and we have to be very careful in doing so. We

want to have - satisfying the following conditions:
1. ~y starts with a vertical line segment (i.e. ¢t = 0 in the beginning).

2. 7 ends with a horizontal line segment (i.e. 7 = rq, for some 0 < 7o, < oo in the

end).

3. M, has positive scalar curvature with respect to the induced metric it receives
as a submanifold of SP x D? x R.

=l

n

o

to too t

Figure 3.6: The bending map ~

The first condition implies that near r = 7, M, is isometric to a portion of M.
The second condition implies that for ¢ > 0, M, is isometric to SP x S971(ry) x R,
where S971(ry) is an embedded g-sphere of small radius.

The third condition is the hard part of choosing ~.

3.2.1 The curvature formula

In order to make the scalar curvature positive, one needs to compute it first. This will

be done in the following section.

Lemma 3.8. Let k be the curvature of v, i.e. let k be the smooth function satisfying
0 1
Y(s) = -A(s) - k(s).
(s (_1 0) i(5)- k(o)
The scalar curvature of M., is given by:

2-(q—

P q . . 1
KM = 5D 6in?0 - O(1) + k- sin 6 - (— ; ) +O(1)>

+ sin?0- ((q_l)(q_Q) L2l -O(l))+sin9~k-(q—1)-0(7’).

72 r



3.2 The bending argument 31

Remark 3.9. This formula is different from the formulae found in the following pa-
pers: [0], [13] and [1]]. There is a detailed, yet slightly wrong computation in the
appendiz of [1/, pp. 77-80]. We will follow this computation.

Remark 3.10. In this formula we see the necessity of ¢ > 3: For small r the right
hand side is dominated by the sin%@)@# term, so this one must not vanish,
which means that (¢ — 1)(¢ — 2) must be greater than 0. So q must be at least 3 or

q = 0. The latter case is not very interesting.

Remark 3.11. From (2.66) and from the proof of (3.8) we see that the O(.)-terms
only depend on the metric on M and its derivatives. So there is a constant C > 0,
such that for all O(.) originating from the formula above the following inequalities hold

for r small enough:

-C< 0(1) <cC
—-C-r< O(r) <C-r
—C-r?< 0(?) <C-r’

The constant C only depends on the metric we start with and its derivatives and can

be chosen to depend continuously (in the C*°-topology) on the given metric.

Proof of Lemma 3.8. Let (x,y,t) € M,. First we show that the direction tangent to
the curve + is a principal direction of M, in SP x D9 x R. Let [ be a geodesic ray in
D? connecting (z,0) and (x,y). By v we denote the curve M, N1 x R and we take ¥,
as the tangent vector belonging to this curve. Let s™7 and s7 be the shape operators
of M, and v; in S? x D? x R and I x R. Both of these shape operators shall be chosen
with respect to the outward pointing unit vector field . By [14, p. 77] we know that

7 is tangential to [ x R, hence it can be used as a normal vector field for ; in [ x R.

sM(y) = _vglpr0an
_ (_vglprqXRn)T + (_vipquan)L

=0
—VoEn = ().

1

Here, (—VEZPXD[IXRT])T shall be the part of —VgleDqXRn which is tangent to [ x R.
This, combined with the fact that { x R is totally geodesic in SP x D? x R, explains,
why (—VﬁsleDqXIR{n)l =0 (see 2.39). Since T{,, )V is a one dimensional subspace, ¥;
is an Eigenvector of 57" and whence a principal direction of M,. Its principal curvature
is the curvature k of v as [ was chosen as a geodesic ray.

We now take an orthonormal basis (e1,...,e,) of principal directions of M., such
that e; = 4, (e2,...,¢e,) are tangent to S971(r) and (eg41,...,e,) are tangent to
SP. Furthermore, we can decompose 1 = cos(6)d; 4 sin(0)0,, where 9; denotes the R

direction and 0O, is the radial direction.



32 3 The Gromov-Lawson surgery theorem

Next, we will compute the principal curvatures (A1,...,\,) of (e1,...,e,). The
principal curvature of e; is k. Since (ea,...,e,) are eigenvectors of s™7, we have:
Aio= Aj-gleje) = g(Ajej,€5)
M (2.41) Px DIxR
= g(s™(eg) ) =" g(=VETPEne)

= g(=V2 PR (cos b - 0y),e5) + g (V2P E(sing - 9,), e).

Since 0; and 6 are constant in every e; direction, we get:

veS:XDqXR(COSG -0y) = 0jcosf -0+ cosb - Vf:XDqXR@ =0
Ve PR (sing - 9,) = 9;sinf- 0, +sinf - VPG,
. . -1
= sinf - Vi?XDqXRi?T = —sinf - )\fpxsq ,
-1 . . . . . . . p— .
where /\fpxs " is the principal curvature of ej as a principal direction of SP x 59 Lin

SP x D4. The last equality follows from the fact that 9, is normal to SP x S9~1,
We get for all j > 2:

. 1
Aj =sinf - /\fpxsq

and A57S" L ASPXST = L O(r) (2.66) and AZ XS AT = 0(1),

as the curvature of SP is bounded. All in all, we get:

k ifj=1
Aj=4qsing- (-1+0(r) if2<j<q
sinf - O(1) ifg+1<j<n.
Now we are able to compute the scalar curvature. Since (ei,...,e,) are principal

directions, with the notation of (2.40) L(e;,e;) = h(ei,e;)n = g(ei, sM(e;))n =
Ajg(ei,ej)n = 6;A; - n. And by the Gauss curvature equation (2.37):

RmMV(ei,ej,ej,ei) = RmSpXDqXR(ei,ej,ej,ei) —|—g(II(ei,ei),]I(ej,ej)) — g(lI(el-,ej),]I(e,;,ej))

=0

SPxDIxR
Rm (ei,ej,ej,ei) +)\z’)\j-

As (0r, €9, ..., e,) form a basis of the tangent space of SP x D4, we have for 2 <i,j <n
that

SPxDIxR SPx D4
Rm (ei,€e5,€e5,€;) = Rm (€i,€5,€5,€;)
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and

RmSPXquR( RmSPxquR(_

6176]‘,6]',61) =

RmSPxquR(_

_|_RmSp><Dq XR(_

+RmSPXquR(

cosf -0y, ej, e, —

cosf - O, +sinf - Oy, ej, e, —

cosf - 0y)

cos® - Oy, ej,e;,sinb - Oy)

sin@ - 0y, ej,ej, —cos@ - Oy)

+Rm>" PR (ging - 9, ej,ej,sinb - Oy)

= cos’0-Rm

prquR(a

T76j7ej787‘)

P q
= cos’0- Rm°" P (9,,ej,e;,0,)

= (]_ — sin2 0) . RmSPXDq (ar,ej,ej,ar)-

cos @ - Or +sinf - Oy)

Using the definition of the curvature endomorphism and its symmetries we see:

RmSPXDqXR(8r7€j,ejvat) = g(R(ahej,ej),at) =0

N———

orthogonal to O
RmSPXDqXR(at,ej,ej,ar) = RmSpXDqXR(ej,ataaraej) - RmSPXDqXR(araej7ejvat)
RmSPXDqXR(ahejaejvat) = g(R(at’ej’ej)’at)

R(ej, (‘3t, 8t) = Vej V{)tat +Vat Vejé)t —f—V[at’ ej}at =0

g<i<j<n

=0 =0 -
Shuffling all these formulae together, we obtain:!
d NN = kZ)\+kZ)\+ PP VRS
i<j i=q+1 2<i<j<q 2<i<q<j<n
1
= sinf-k-(¢g—1)- (—;—i—O r) +k- -sin 6
—1)(g—2 1
+—(q )2((] ) : (_7“ )2 sin? @

=("2") :<5+0(1)>

Hg—1)- (—% +0(r) - O(1) -sin?6 + O(1) - sin 6

q_
T

= —sinf-k-

.2
0 -
+ sin 5.2

(a=D@=2) o0y (@-Dg=2) o) +4=

2

L o ing k- (g—1)-0() +k-sind-O(1)

+(g—1)-sin®0-O(r) +sin?60 - O(1)

=0(1)

—1
= sin20-O(1) + k- sin @ - (—qT+0(1))
o, (lg=1)(¢g—=2) q¢-—1

+sin”0 ( 2. 72 + r

+sinf-k-(qg—1)-O(r).

'This is the point, where the mistake in [14] occurs: (?;') is miscounted as (¢ — 1)(g — 2).
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And finally:

kM = ZRmM“’(ei,ejaej»ei)=2ZRmM7(€ia€j’ejaei)

i i<j

_ QZ(RmstDqXR(Ei,ejyejﬂei)+)\i>\j)
1<j

= 22( 7 D1 €z7€j7617€z)+/\)\)+51n 6-2- ZR SpXDq(aTaejveJ’a)
1<J =2

=2-RicSP*xD1(5,.,0,)=0(1)
= &P 423 NN +sin? 0 0(1)
1<j
2-(¢—1)

= &P L sin?0- O(1) + k- sind - (—
.

+ 0(1))

+sin? 0 - <(q— 125(]_2) + 2.(qr_ D) -O(l)) +sinf-k-(¢g—1)-O(r).

O

Remark 3.12. The same proof also works if we take a closed submanifold NP with
trivial normal bundle instead of the embedded surgery sphere SP. We then start with
an embedding NP x DY — M and derive the same curvature formula:

2-(¢—1)

tsin? 0. ((q_l)(q_Q) MMl OW) +sinf k- (g 1)-O()

r2 r

KM = anXDq+sin29-0(1)+k-sin9-(f +0(1))
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3.2.2 The initial bending

In the beginning we have sinf = 0 and all terms except for £°°*P? in (3.8) vanish.
Since M is a psc manifold, this is positive. We leave r = 1o for a short time and
then perform a small bend of v, which means, we choose k (the curvature of v) as a

continuous bump function in 7.

ry!

Figure 3.7: The bump function k(r) for the initial bending

Since every term in the formula depends continuously on k (A = [ kds), we can
maintain £ > 0 (this is an open condition), if the bump function is small enough.
After this small bending we take v as a straight line (6 = ) until 7 is small enough,
so that we can control the O(1) and O(r) terms in (3.8).

Figure 3.8: Result of the initial bending
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3.2.3 The final bending

Let 6 > 6y > 0. We want &M > 0.

0 < KMy
— 0< k7P 45in20-0(1) + k- sinb - (—2(‘1;1) +0(1))
4 sin?0- (<q—13§q—2> + 2'("T_ D O() +sind - k- (g —1)- )

— k.sina.[M+0(1)+(q—1)-0<r)]

r
P q . - 1 _2 2' - 1
< /iS xD +Sll’129 . (O(l) + (q ;gq ) + (q ) .

= k-2:(¢=1)+0(r)+ (¢ —1)- O(?)]
HSPxDq.r+Sin0_ (TO(l)‘f‘w

r

+2-(g—1)-0(1))

sin 0

— k-[1+0(r)+0(?)

PP sinf - r (¢g—2)
-0(1 inf - 1)).
<3 =1 sng 2g-p OWFsn (2.T +0( )>
Let C' > 0 be the constant from (3.11). Then:
wITXDT g sinf - r (g —2)
-1 2 1 ing - (1L —=4 1
B L+00)+ 00 < 5y ng + arg =1y O +5inf ( =+ 0l ))
SPXDq' 0'7, ( _2)
ke [l+C-r+C-r? P S0 o ine. —C
< k+CrtCr] <2-q—1)-sin9 g1y © T (2 . )
<% for r small enough >0
. 5.k _2.7”(7“ -2 Cr)
—(g—2)>1 for r—0
>% for r small enough
sin 6
k < .
< —4-r

In other words: For some rg > 0 we have: If r < rg and k = Sjlnf, then

kMr > 0.

Remark 3.13. This is the point where we see that the mistake in the curvature for-
mulae does have some significance. In the formulae of [0], [13] and [1]], we either
have k - sin 6 - (qrél) instead of k -sin 6 - 2'(qT_1) or2. 4= 1)(‘1 2 instead of (‘1—12#' In

sm 0

both cases we can derive the condition k =
k= sm@

for posztzve scalar curvature instead of

sm 6

If (¢ — 2) is at least 2, i.e. q is at least 4, we can get k = 577 and we can

follow the proof of [6] and [13]. However, if ¢ = 3, we have to find another argument.
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In the end, v should look like this:

r -
r1———/]4.initial bending

nothing happens

\ interesting part i
/ eres agp nothmg*happens

Figure 3.9: The graph of the bending map
In the interesting part (or even right after the initial bending), v can be seen as a

t
V(t) = <f(t)>

for some height function f. From [I, p. 41], we know that the curvature of v is given
by

curve parametrized in ¢:

det(1.5) _ J"
B (V)
1 1

sinf =

W~ Vi 2

opposite side

Figure 3.10: Computing the sine as hypotenuse
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Hence,
sin 6 1 1 . 1+ f?
4.7 (*/1+f’2)3 4-f-/1+ f72 4-f

If this differential equation yields a solution which is nice enough, we are done with

the proof of (3.1). This is ensured by the following lemma.

Lemma 3.14. The second order ordinary differential equation

1+ f
a-f

has for a > 0 and starting values f(to) > 0 and f'(to) < 0 a solution, such that:

f// —

(3.15)

1. f is defined on a closed interval [to, T], T > to
2. f is strictly positive.
3. f'<0and f'(t) =0 < t=T.

Proof. A solution of the differential equation

fl==\rfee—1,

where c is a constant depending on the starting values will be a solution of equation

(3.15). This can be seen by differentiating the equation from above:

1 2 ,2_ 1 2_
f// _ - 'C'gfa 1'f/:g'c'fa1
—24/fa-c—1
1 2 1+f/2
-  (fiie—141) = .
a-f(Lf,Q_z ) a-f

From f(tp) > 0 and f’(tp) < 0 we know that ¢ has to be greater then 0.

Furthermore, we see:

a

<0 = f%>%<:>f>(%)2>0 (3.16)
=0 — f%:%@f:(%)%. (3.17)

As we are only interested in this solution as long as f’ < 0, we know from (3.16
and 3.17) that in this case f is bounded from below by (%)% > 0 and by f(tg) from
above. Until now, we know that there is a solution to the differential equation which
is strictly decreasing in the beginning. We only need to show that there is a point T,
where f/(T) = 0.

f" is given by

‘Bal'>0  ifae (0,2
()i >0 a2

C

fi-c

= a7 zg-fﬁ‘lz (3.18)

Qo 2o
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and thus f” is uniformly bounded from below.

If f was strictly positive, f would be strictly decreasing for ¢ — oco. Since f is
bounded from below, it had to converge to some constant A. In this case, every
derivative of f would converge to 0. This is a contradiction to the fact that f” is
bounded from below by some positive constant (see 3.18). Hence, there has to be some
T > tg, such that f/(T') = 0. This concludes the proof of (3.14). O

Remark 3.19. If a = 2 as in [0], [13] and [1]], one can write down an explicit

solution:
1

J) =5+ (- B)

|

for some constants A, B > 0.






4 The Gromov-Lawson-Chernysh

construction

In this chapter, we are going to construct a map that deforms a compact family of
metrics into a family of standard metrics. This result was first proven by PAWEL
GAJER in [5] for only 1 metric instead of a family of metrics.

Recall Lemma (2.66):

Lemma 2.66 ([0, p. 425], [14, p.73]). We have:

1. The principal curvature of an embedded hypersurface S"~'(g) are of the form

1 .
—2 +O(g) for small epsilon.
2. The term O(e) depends on the metric and its derivatives.

3. Let g. be the induced on S" 1(g) and let 9o, be the standard euclidian metric of
curvature 6% Then as e — 0, E%gg — 529076 = go.1 in the C*-topology described
in (2.7).

As an easy corollary, we get:

Corollary 4.1. If (gs)ses is a compact family of metrics, the constant C' (3.11) in the
proof of the GROMOV-LAWSON surgery theorem can be chosen, such that it works for

all the metrics gs.

41
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4.1 Admissible curves

Definition 4.2. Let (g5)scs be a continuous family of metrics on M over a compact
space S.
An admissible curve is a smooth curve y: R — R? = {(z, )} that satisfies the following

conditions:

1. 7(0) = (0,7rp) for an o > 0 and () = (0,79 — t) for all ¢ < 0, hence ¥(0) =
(0,-1).

~—

2. v intersects the t-axis only once, at a right angle and follows the arc of a circle

around this point.

3. ~y is symmetric to the point L € R where v crosses the t-axis, i.e. y(L —s) =
R;o(L + s), where Ry is the reflection about the t-axis.

4. The injectivity radius of the exponential map of all metrics (gs) is strictly greater

than rq.

The set of admissible curves with respect to the family S will be denoted by I's and
will be equipped with the C*°-topology as a subspace of C*° (R, R?).

+ s,

Figure 4.1: An admissble curve on [0, L]
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Remark 4.3. Any curve v € I'g is uniquely determined by its part on [0, L] and also

by its curvature function on [0, L].

The r-axis s an admissible curve.

Figure 4.2: The curvature function of an admissible curve on [0, L]

Remark 4.4. The curve  from the proof of (3.1) is an admissable curve. For such a

curve v we divide the interval [0, L] into 6 sub intervals:
On [0, s1] the curve goes straight down.

On [s1, 82] the initial bending takes place.

)

[s1, 52]
On [s2, s3] the curve follows a straight line.
n [ss, s4] is the part where the upwards beding is performed.
[$4, 55]

On (84, 85) the curve follows a straight horizontal line.

On [ss5, L] it is bent downwards and finally intersects the t-axis.

The division into these intervals can be seen in (Figure 4.1 € Figure 4.2). We call an

admissible curve that originates from the proof of (3.1) a GROMOV-LAWSON curve or

a GL-curve.
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Proposition 4.5. The map
C*[R,R) — C™(R,R?)
ko= (k)

which sends a curvature function k(s) to the admissible curve corresponding to it, is

continuous.

Proof. ~(k) can be defined as the unique solution of the second order differential equa-
tion:

7(0) = (0,7o)

7(0) = (0,-1)

i(s) = (0 1>-w<s>-k<s>.

-1 0

By (2.57) this map is continuous. As any admissible curve is uniquely determined by

its part on [0, L] this completes the proof. O

Definition 4.6. The Neck T,(s) C M x R of an admissible curve near some closed

submanifold N with trivial normal bundle is defined as:

Ty(9s) = {(z,y,t) € N x DI xR :~(t) = [lylly, }-

()

Figure 4.3: The neck of an admissible curve for N = x
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ane
..-' .,
. .
o .
*enunes”®

*

L d

Figure 4.4: The neck of an admissible curve for an embedded N = S*.

Proposition 4.7 ([3, pp. 3-4]). Let (gs)ses be a compact family of Riemannian metrics

on M.
Then there exists a continuous map

I's xS — Emb(M,M x R),

where Emb(M, M x R) C C*°(M, M x R) is equipped with the subspace topology. This
map satisfies the following properties:
1. The resulting embedding f s is constant outside the tubular neighbourhood of

radius ro around N, which will be denoted by Tby,(N), i.e. f(x) = (z,0) on

Tby(N).
2. fy.s diffeomorphically maps Tb,,(N) onto the neck of T(gs), which is the same
as Tbr,(N~(gs)), where Ny(gs) ts the submanifold of T, (gs) which is diffeomorphic

to N under the projection map M x R — M.
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Proof. Let L > 0 be the length of the admissible curve v € I'g and let ¢ be a smooth,

strictly increasing function depending continuously on rg and L:

r r<§

¢(r) =

r4+ro—L r>1L

for some 0 < § < rg.

Figure 4.5: The function ¢

The map ¢ gives rise to a rescaling diffeomorphism ¢: vl — v, (z,v) = (=, % V).

Let N, be the submanifold of T, (g,) which is diffeomorphic to N under the projection
map p: M x R — M, i.e. Ny, =p }(N)NT,. The composition of maps

(exp 3 )7t . d expg,
Tby(N,) 2% (Vﬁ:&)))L 2 ), 5 (VD) =% Thyy(N)

then defines a diffeomorphism by (2.26), which maps points x that have distance equal
to ro to N to (x,0). Here (V]\]\/[[)L denotes all vectors of length at most L in (V]\A}) By
mapping all points outside of Tb,,(N) to (z,0), we get the required embedding. It
1

remains to be shown that the map (v, gs) — fy,g, := eprT-W(gs) odpyy. 09t o (expy)”

1S continuous.

By [9, p. 58 & p. 72] the map exp(V) = ay (1) is defined as the solution of the
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differential equation

a(0) = (V)
a0) = V
Dy = 0, which can be expressed in local coordinates:

i (t) + &' (63 ()T (x(t) = 0.

Since the Christoffelsymbols depend continuously on the metric and its first derivative
we derive continuity of v, gs — ¢! o (exp;;)*l by (2.57).

Let’s examine dp~! next. Let ((;U,t),v) € 1/]\]\/[[: Then dp((:n,t),v) = (z,v), as any
admissible curve ends with a vertical segment and thus a vector normal to N, is parallel

to M and can be interpreted as a normal vector of N in M (see (Figure 4.6)).

((x,t),v)

Ny

dp

(x,v) |

Figure 4.6: The differential of the projection map

So we get that dp;l(m, v) = ((x,t),v), where t is the unique real number, such that
(x,t) € N,. If (7,) is a sequence converging to v in C*°, we get that ¢, converges to

t. For the derivative of dp3 1 we notice:

p M — MxR
x = (x,t)
dp™':TM — TMxTR
(x,v) +— ((:L‘,v),(t,()))
ddp™: TTM — TTM x TTR
((z,v),w) — (((z,v),w),(t0,0)).

1

Analogously, one can compute any derivative of dp~" and, since ¢, — t for all these

maps, dp;nl — dpy, Lin the C*-topology.
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The last map we have, is again an exponential map, which is defined as the solution

of an ordinary differential equation:

a(0) = 7(v,0), &0) = (v,0), D = 0.

The Christoffel symbols defining D¢ come from the metric (g + dt?)] M,,., depending
continuously on gs. Again by (2.57) we derive continuity of this map and whence we

get that the constructed map is continuous. O

Corollary 4.8. Let (gs)ses be a compact family of metrics and let NP C M be a closed
submanifold of codimension at least 3. Then there exists a GL-curve v € I'g, such
that T (gs) has positive scalar curvature for alle s € S. Furthermore, we can choose

v, such that k < % on [s3, s4] tmplies positive scalar curvature on T, (gs) and from
(3.14) we know that we can choose the curve vy, such that k < %&9) on [ss, s4] will be

satisfied.

Proof. This is a direct consequence of (2.66), (4.1) and the original Gromov-Lawson

construction (3.1). O

Definition 4.9. A é-cutoff function Js,(s) at a point sg € [0, L] is a smooth, strictly
decreasing map [0, L] — [0, 1], such that dsy[j0,so) = 1 and s, |(sy+s,2] = O-

Proposition 4.10 ([3, p. 5]]). Let v € I's be a GL-curve with k < sz’;—.sﬂe) on [s3, 84].
Then there is a & > 0, such that for all s, s € [s3,54] and for 5 = v(k) = v(ds, - k) the

following inequality holds:

F(5) 1= G (5)k(s) < 4”“(()”
Here 0 and 7 belong to the curve 7.
Proof. Consider the function
F:[s3,s4] x[0,1] — R
sin(f(s))

(s,t) — k(s+t)— Trs)

Then, F(s,0) = k(s) — % < Ag < 0 for some Ay < 0 and so there exists a § > 0,
such that F([ss, s4] x [0,9]) C (—o0, A1) for some A; < 0. Let 5, be a cutoff function.

Then we have for all s € [0, d]:

sin(0(s))

k(s + sp) < W
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and thus

k(so + 8) = 530k(80 + S)

sin(f(so))

increasing

s0) )

)

sin(

< k(so+s) < 11 (s0)

sin(f(so + 5))
4-7(so+ s)

and therefore 3
sin 0(s)

k) < T

for all s € [s3, s4].

=

=< ™
|

80)

decreasing

{

O]

Theorem 4.11 ([3, p. 6]). Let (gs)ses be a compact family of metrics. Let v € T'g be
a GL-curve from (4.8) that satisfies k < %&0) on [s3,s4]. Then there is a continuous

map aq: I — T'g, such that
1. a1(0) =~

2. ay1(1) = {r-axis}

3. Ty ) (gs) has positive scalar curvature for every s € S;t € 1.

Figure 4.7: Pulling back of an admissible curve
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Proof. Instead of deforming the curve itself, we deform its curvature function k €
C>=([0,L],R) to k = 0. We will perform the deformation, such that the first and
second bend of v stay at the same place.

Let § < min{si,s5 — s4}. We define p(t) := s4 — s4 - t and take a family of J-cutoff
functions 0, such that d,)44,(s) = dp)(s — to), i.e. we pick one d-cutoff function
and shift it for every so. Then Jp,)(8) = Gp)tp(tn)—p(t)(8) = Ip) (s — p(tn) + p(t))
converges in the C*°-topology to ).

We then take k; = k,) on [0,p(t) + 6] and leave k = 0 until the point s;, where
the corresponding curve 74 crosses the r = r line. On the last part [s;, L;] we take

ki(s) = 05, (st +6 — s)é, where ¢; and L; are the unique numbers, such that

ki(s)ds = — ki (s)ds
/[SmLt} ( ) /[0734 ( )
(’Y(kt))(Lt) € t-axis.

We now need to show that this map is continuous in ¢. First we note that p(t), s¢, Lt
and &; depend continuously on t. Now let (¢,,) be a sequence converging to t. By (2.52)
we can choose the identity as charts. We divide this proof into 3 cases:

Case 1: x € [0, p(t) + 4]

From the product rule, we know:

m m m m .
() = (e (9R() ™ =3 < z > 50 () K (s)
=0 ——"
—6) (5)
m m . N )
— Z ( I >5;l()t)(8)k( l)(g) = (6p(t)(3)k(3))( ) _ i )(8)'
1=0

Case 2: x € [p(t) + 0, s¢]
Since sy, — s; we get that kt(;n)(s) — 0 for every m > 0.
Case 3: x € [s¢, L]
This also follows from convergence of the parameters and the fact that the parame-
ters and the §-cutoff functions depend continuously on t.
The last thing to be verified is positive scalar curvature:
On [s1, s2] we only make the small bump function smaller, so the scalar curvature
remains positive.
On [sg, s3] and on [s4, s5] we don’t change anything.
On [s3, s¢] we have positive scalar curvature due to (4.10).
On [s4, L] we are performing a downwards bend, which has positive scalar curvature,
sin(6)

as it always satisfies k < 0 < == and takes place below r = r,. This implies positive

scalar curvature. O

Our goal is to deform a compact family of metrics into standard metrics. The

first deformation will be taking a compact family (gs)ses and pushing a small tubular
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neighbourhood of N out by going backwards through the deformation from (4.11). This

will allows us to deform the metric on M by deforming the metric on the neck of :

(4.11) (4.7)

Sx]—— SxIg

S x Emb(M, M x R)

(S’t) — (Sval(l - t)) — (Sa fcxl(l—t),s)'

4.2 Deformation into standard metrics

In this section we deform the metric on the neck to one that has standard form on a
small tubular neighbourhood of V. For the rest of this chapter let gy be a fixed metric
on N. This does not need to be a psc metric. Furthermore, let gy be a torpedo metric
on D? of radius Ty, where Ty can be chosen to be arbitrarily small but then remains
fixed throughout this chapter. Without loss of generality we may assume that gy + go

has positive scalar curvature.

Corollary 4.12. Let g be a metric on M. Then for e small enough there is a homotopy
from g restricted to NP x D1(Ty) to the metric h := gy + go through psc metrics. This

homotopy depends continuously on the given metric g.

Proof. We only have to show the continuity. The rest follows from (3.5).

Since the homotopy in (3.5) originates from (2.65), it is given by a linear path. So
it suffices to show that (g,t) — (1 —t)g + th is continuous in ¢ and g, which follows
immediately from the triangular inequality: Let (gn,t,) — (g,t). Then:

(1= 8)g +th, (1= ta)gn + tablly, < (1 =g+ 1th, (1 - ta)g +tahly,,
+ H(l - tn)g +inh, (1 - tn)gn + tnh”7]1:17<p

< (X —t)g+th, (1 —tn)g+ tahll}
-0 by (2.64)
+[1 — 4] Hg>gn”iz,¢ + ||tnhatnh‘|1kp,gp
—0 =0
— 0

O]

Theorem 4.13 ([3, p. 7]). Let (gs)ses be a compact family of metrics and let vy be a

GL-curve which originates from (4.8). Then there exists a continuous map
az: I xS — R(M xR),
such that:
1. as(s,0) = g + dt?

2. (s, \)|n, is a psc metric
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3. as(s,t) = gs + dt? on a neighbourhood of M in M x R
4. a2(s,1)|nm, = gn + go on a neighbourhood of N.,.

Proof. We want to deform the metric on T’,(gs), such that it stays the same near M.
We divide T (gs) into 3 parts:

Figure 4.8: The admissible curve «

On N’ we choose the homotopy to be constant.

On N" we take the homotopy G from (g + dt*)| N« pa(e) to gn + go (4.12). On the
boundary (N x D4(e)) = N x S971(¢) this gives a homotopy from g to the restriction
of gn + go.

On N” we perform the deformation as follows: Let

ha(s) = GA(8)|nxsa—1

be the restriction of the above homotopy. By (2.68) we get that there is an a > 0 such
that the metric

hija(s) + dt?

on N is a psc metric. For (x,(t/a)) € S971(e) x [0,1] we get a homotopy
H: ()\, S) — h()\t)/a(S) + dt2.

Then H(0,s) = gs + dt* and H(1,s) = hy/,(s) 4+ dt* and for t = a we have H(X,s) =
hy + dt?, thus H(),s) = hy(s) on the boundary of N” towards N"".

The deformation can now be written as:
gs +dt> on N’
az(t,s)|a, =S H(t,s) on N”
G(t,s) on N".

We obtain a metric on M x R by extending it arbitrarily.
Furthermore, on N we have a(1,s) = gy + go- d
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We can now extend the diagram from (4.1):

(4.13) (2.55)
IxSx Emb(M,M xR) — S xR(M xR) x Emb(M,M x R) —— S x R*T(M)

(S’tv f’y,s) } (57a2(t73)7f’y,8) +—’ (57 (f'y,s)*OZZ(ta S))

Since N 2 N x D9, we get that 75 = (f,s)~! is a tubular neighborhood that

depends continuously on s. So we constructed a deformation:
a12: IxS— R+(M>,

such that for every s there is a tubular neighbourhood 75 depending continuously on
s, satisfying
T (aLg(l, s)) = gn + go. (4.14)

4.3 Final deformation

So far we we deformed a family of metrics (gs)ses in a way that any resulting metric
gs satisfies (4.14). All the 7, are given by (f )1 = expi(gs) odp, 4. 0¢ ' o (expy ).
By the above computation (4.6) the differential of these maps at N is the same for all
s. Let 7 be a tubular neighbourhood of N which satisfies Do(77! o 75) = id on the D?
part. We will deform the metrics, such that all of them have the standard form gx 4+ go
in the tubular neighbourhood 7. For this, we will reexamine the proof of uniqueness

of tubular neigbourhoods.

Theorem 4.15. Let (gs)scs be a compact family of metrics and 7s be a family of
tubular neighbourhoods, depending continuously on s satisfying 7g9s = gn + go. Then

there is a continuous map

as: I xS — RY(M),
such that 7*(as(1,s)) = gn + go for all s € S.

Proof. First we fix a radial diffeomorphism ®: D9 = RY, which is the identity in a
small neighbourhood of the origin. Instead of giving the homotopy of Rt (M), we give
a diffeotopy of M

I xSxM-— M,

such that H(s,0) =id and 70 H(s,1) = 7.
The first step is to reduce to the situation 74(N x D?) C 7(N x D?). This is achieved
by a applying a straight line homotopy of D?: (t,v) — v + t(ev — v) for some small

enough €.

Since 75(IN x D) C 7(N x DY) and since 7,7, are embeddings, we can consider the
smooth map
heyi=®o7 lor,0® ': N xRYI - N x RY.
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This depends continuously on the metric gs. We can now define a diffeotopy:
Hs: I x NxR? — N xR?

Th(tv) t>0

Dohs-v=v t=0.

(t,v) — Hs(t,v) =

The map H is smooth in v and continuous in ¢ and s. Furthermore we have
H,(0,.) = Dohs = Do® o Do(77 0 75) 0 Dg®@ ™! = Dy® 0 De®~! = id
and
dloH,(1,®())=71tor,.

So we get an isotopy of tubular neighbourhoods by

SXIXNxDI—SxIxNxRY N x R? N x D1

(s,t,z,v) ———— (s, t, 2, P(v)) —— (Hs(t,q)(v))) — (‘Ifl oHs(t,(b(v))).
By applying 7 we can transport this isotopy to M and we get an isotopy H s(t,) =

7o Hy(t, ) or ! of 7(N x DY) into itself. We have the following equations:

* *
-) 9s = TsGs
* *

T:ﬁs(ov )
T H (1, )7gs = TH(ToHy(1, )or g =1 (ror torsor ) g,
= T,9s = gN + go-

By the isotopy extension theorem [8, p. 181] we get a family of diffeotopies Gs: I x M —
M depending continuously on s, which are constant outside of a small neighbourhood
of 7(N x DY) and agree on 7(N x DY) with Hs(t,_). Our homotopy of metrics then is

SxI — RT(M)
(57t) = Gs(t7—)*gsy
which satisfies
Gs(oa—)*gs = Gs
T'Gs(1,)%9s = 7595 = gn + o

This is continuous by (2.55). O

4.4 Putting the pieces together

In the last part of this chapter we will simply put the three homotopies together.

Theorem 4.16. Let ¢ > 3 and let 7: NP x D9 — M™ be a tubular neighbourhood of
N in M. Let gy be a torpedo metric of radius Ty, let gy be a metric on N and let

(gs)ses be a compact family of psc metrics. Then there is a homotopy

GLC: I x S — RT (M),
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such that

GLC(0,s) = gs
T*GLC(1,s) = gn+ 9.

This can be paraphrased to
GLC(1,s) € R{(M).
We call such a homotopy a GROMOV-LAWSON-CHERNYSH deformation or a GLC-

deformation for the family (gs)ses-
Let f s be the embedding from (4.7). The homotopy GLC then can be written as:

fara=sn).s (g + dt?) if A€ [0,1/3]
GLC(\5) = 4 f2, (028X —1,5))  if A€ [1/3,2/3)
as(3) — 2, s) if X € [2/3,1].

Remark 4.17. This deformation consists of first pushing out the neck belonging to
an admissible curve vy (4.11), then deforming the metric on the neck into a standard
form (4.13) and then pulling it back to M (4.7). Last but not least we use the unique
tubular neighbourhood theorem and the isotopy extension theorem to make sure that all

of these metrics have a standard form inside a fized tubular neighbourhood (4.15).
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The problem associated with the GROMOV-LAWSON-CHERNYSH-deformation is that it
doesn’t preserve the property of a metric being standard during the deformation. For
this reason, we have to examine what happens inside the tubular neighbourhood 7,
which means examining metrics on the disc. We start this chapter with the definition
of a warped metric.

In the entire chapter Ty shall be the radius belonging to a fixed torpedo metric gg.
5.1 Scalar curvature of a warped product metric
Definition 5.1. Let B > 0. We define

Wp = {h € RT(Df,): h = g(t)*dt* + f(£)*d¢?, g(t) # 0,5 > B},

where d¢? denotes the standard round metric on the sphere of radius 1. We call a
metric of the form h = ¢?dt? + f2d¢? a warped metric in the disc. Without loss of

generality, we may assume g > 0 and f > 0.

Since g > 0, the map

Gfl
by Gl
[l
where .
G(t):/ g(s)ds
0
is a radial diffeomorphism. Here ||.|| denotes the euclidian norm. Then the metric

p*h = h can be computed as follows: Let X,Y be tangent vectors at a point ¢,s €
[0,Tp] x S97L. Then

h(Xv Y) = @*h(va) =ho (D(t,s)gp(X)v D(t,s)@(y))
g(G_l(t))thQ(D(t,s)(p(X)7D(t,s)(p Y )
+(GTH())2dE* (Dyy 5y0(X), Dig 50 (Y)).

If X is a vector in the d¢-direction, D o¢(X) = X, since ¢ is radial. If X is in the

dt-direction:

d
Dy g9(X) = %‘sz@((t +2)X) = ———— - X.

o7
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So, we can conclude our computation with

9(G7H ) - d? (gt - Xo gy Y) i X, Y are in di-direction

5 e () I T(eaal
WXY) = { F(GH1)? - de2(X,Y) if X,Y are in d¢-direction
0 else
— 2
B (M) di* + f(GTH(1)%dE” = di® + £(G7H(1))%de”. (5.2)

h is a metric on D%(h), where T'(h) = G(Tp), which depends continuously on g and
therefore on h. Thus, we can assume without loss of generality that ¢ = 1 for the

computations on scalar curvature.
Proposition 5.3 ([2, p. 269]). If we identify {x € R : 0 < ||z|| < T} with (0,T)x S9!
in polar coordinates, the smooth Riemannian metric dt*> + f2d¢? extends to a smooth

Riemannian metric on {x € R? : ||z|| < T} if and only if f is the restriction of a
smooth odd function on (=T,T) to (0,T) with f'(0) = 1.

The computation of the scalar curvature of a warped product metric can be found
in [3, pp. 11-12] and [14, p. 13] and they are based upon [2, pp. 265-270]:

Proposition 5.4. The scalar curvature of the metric h = dt> + f2d&? is given by

1— f/2 f//
k=(—1){(¢g—-2 -2 |. 5.5
Corollary 5.6. The scalar curvature of the metric h = g>dt*> + f2d€? is given by
q—1
o=t f293) ((q ~2)(g° — f?g9) —2f"fg + f’fg’). (5.7)

Proof. The scalar curvature of the metric h = g(t)2dt? 4+ f2d¢? at a point ¢ is the same
as the scalar curvature of h = dt® + f2d€? with f = f o G ! at the point G~L(t) (see
5.2). Then

1—(foG! 2 o G—1y
Py (“’_2) oo ‘Q(J;0G1)>
(¢—1)

= g (@206~ 170~ 2"+ /1),

5.2 Deformation of warped metrics

5.2.1 Creating a collar

We fix a smooth function 6 on R, such that 6o is 0 on (—o0,0] U [55,00),0 < 6y < 1
and fp # 0. We then define a smooth function C, depending on (C1,t*) € R?%:

t*

20 o %
C(Cy, ) = 01/ Ho(t—*)da = Oy ~t*/ 00(5)d& = Cy - t* - const. (5.8)
0 0

=const.
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Without loss of generality we may assume that 6 is small enough, i.e. we may assume

that C'(C1,t*) < 1 for all Cy € [0,1] and t* € [0,Tp/2].

Furthermore, we fix a family of strictly increasing Diffeomorphisms ¢y, 1, 1, : R — R,

continuously depending on t3 > to > t1, such that
L. ¢t1,t2,t3 (0) =0
2. ¢t17t27t3 (t2) =13

3. q[):51,152,153 =1on [07t1] U [%’ OO)

Figure 5.1: The rescaling diffeomorphism ¢y, ¢, ¢,

One can construct this family for instance by taking a bump-function ¢y which is 0 on

(—00,0] U [1,00) and then solving the differential equation

t—1
S = 1+ o )(ts — t2),
t1,t2,t3 ) 1 O(S)ds tl;tQ _ tl ( )

Jo @

¢t1,t2,t3(0) = 0

The solution is given by

Ji ooty )
fol QSO(S)dS

bt aia(t) =1+ (1+ (15— 12)).

This allows us to define a family of radial diffeomorphisms ®¢, ¢, ¢, : R? — RY, contin-

uously depending on t1, to,t3

_ fusael)

étl,tLtS(l‘) - HJ}H

9

(5.9)
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which satisfies:
1‘ ¢t17t2»t3 (Dgz) = ‘Dgg
2. (I)tth’tg =id on 0 < ”"EH < tl and
3. @iy goty = (1413 — t2) - id on 251 <[z < oo.

Having constructed these diffeomorphisms, we are now able to define the deformation
of warped metrics on varying size discs, because we can then scale those discs back,
using this family of diffeomorphisms. In the next two lemmata we will therefore define
deformations on R instead of [0, Tp].

One can interpret the following two lemmata (5.10 & 5.11) as first pushing o = idg
down a little (5.10), so that we get an interval inside of [0, Tp], where it has a slope
that is constant C' < 1. This also means that we created an interval, where we can
estimate (f o 1))’ < C (provided f' < 1), which will be helpful when estimating the
scalar curvature using the curvature formula (5.5). In the second lemma (5.11), we
will deform 1)y = idg, such that there is a point ¢ with £ (¢ (t)) = 0 for all n > 1.
This can be interpreted as creating a point, where the metric has the form dt® + r%d&
for some rg > 0. In other words, we created a point, where the metric is the product of
a straight line metric with the standard round metric of the sphere of radius ry, which
can be seen as a collar.

In [3, p. 13], Chernysh describes these lemmata as first creating a large amount of
curvature arbitrarily close to the center of the disc (5.10) and then creating a collar
(5.11).

We will prove these two lemmata after we have seen why we need them.
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Lemma 5.10 ([3, p. 13]). Let A := {(C1,t*,a) € [0,1] x [0,Tb/2] x [0,To/2] : a <
/2.

There are continuous functions
Y: A xIxR—R

and
Ty: I — R,

such that:
1. P2a(0) = 0,90 0(T1(N) = t*
2. Pgo =id
3. JJKQ > 0 only if 12)\704 € [1—8015*, %t*]
4o Pl =1=C(Crt") >0
5. 98, <C
6. @;a =1-X-C(Cy,t*) > 0 when 1%\706 € 15 %t*]

7. Q%\Q =1 on [0, 5] and when 1;,\704 € [%t*,oo).

T T T T :...

(9/10)t*
€S20 e -

A/10 e < slope = 1-C(Cy,t¥)

T f :
a/20 a/10 Ti(A)

Figure 5.2: Creating a slope
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Lemma 5.11 ([3, p. 15]). There are continuous functions

a: (0,1] x (0,75 /2] - R
(Ch2,t™) — a(Ch 2, %)
Ty T x [t**/2, 00) SR
(\,Th) — To (N, T1)
P (0,1 x (0,Tp/2) x I xR —R
(Crat™ A0 =) = w0,

such that a(Ch2,t**) € (0,t**/2) and:
1. Px(0) = 0,9\ (TN, Th)) =T
2. o = id
3. YA(t) =1 fort € [0, %] and if ¥ € [, 00)
b ()" < G2
5.0< Y, <1
6. " (a(Cho, ™)) =0 for alln > 1.

Note that the dependence on (Ci2,t™) is omitted in this notation of 1y.

L

(9/10)t™ —

a/10 a

Figure 5.3: Creating a collar
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Lemma 5.12 ([3, p. 17]). Let ¢ > 3. There is a continuous function
o: Wg — (0,Ty/2]

and a continuous map
U Wp x I — Wp,
such that
1. Wy(,0) = idy,,
2. Wyi(h,\) = h near DT,
3. Wy(h,1) = h = dt*> + f2de? satisfies f™ (o(h)) =0 for all n > 1
4.0< f/<1and f”" <0 on [0,0(h)].

Proof. This proof is all about choosing constants and having functions satisfying cer-

tain properties. Therefore, it is very technical. As we said, we will prove the existence

of certain functions afterwards (5.10 & 5.11), when it is clear what they are needed
for.

We write a metric h € Wg as a pair (1, f) with f being a function on [0,T(h)]. We

then define the following continuous function:

"(r
0= i, Sy T = gmin,

This function is nonincreasing on [0,7'(h)/2] and satisfies p;(0) = T'(h)/2:

p(0) = L = 1.
~1/2

This means that there is a number ¢; € (0,7'(h)/2], such that t; = p;1(t1) (intermediate
value theorem). Furthermore, there exists a number ¢t > 0, such that 0 < f/(t) < 1
and f”(t) < 0 for all 0 < t < tg, because if it didn’t, the curvature formula (5.5)
would imply that there is some point ¢ with x < 0, which is a contradiction. Let
t* := min(ty, ta, To/2). It follows that on (0,¢*] we have:

> f’(t)>01§n32tf’(7)2p1(t)T(2h)>0

0o > f"
and
f"(0) = 0= f(0), f'(0) = 1.

The last 2 equalities arise from (5.3) and from the fact that f and f” are odd functions.

Remember that B is the lower bound for the scalar curvature of the disc. The following
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constants will be chosen in a way that in the end we can estimate the scalar curvature

of the metric (1, f). They are not of any special interest on their own:

— - 1)(¢—2)(1 - f?) - Bf?
B = max (g <1
[0,-35] 20 -1 ff"
B = max(%,gl) <1
] —-921— f/2 f// Bf
B" = min i - — ) > 0.
[ﬁ)t*,f’ot*]< 8 fr af" 8(q— 1)f'>

We take the function C(Cy,t*) from (5.8) and choose C, such that 1 — C(Cy,t*) =
HB ~ /B> VB,

C; = min(Cy,B") >0

2
o= mm(gfv¢@—1xq—ml‘“‘*xoht” ) >0

10

4

Cip = min(q

Let’s check whether the above inequalities hold. Our main tool here is the curvature

formula (5.5):

1—f?
f2

— (¢—1(¢—2)

—2(q—1)‘};/ > B

- Bf > 2(q-1)f"

(¢—1)(¢g—2)

1—f"

f
<0 (q—1)(g—2)(1— f?) — Bf?
on 0] 2q-1)"f <!
=B < 1,
1_f/2 f//
(@—1D(g—2) 72 —2(61—1)7 > B
0 g—21—f2% Bf
A S M- it
¢-21-f% " _Bf
= 5 7 1 sg-n "

f/:>>0B” > 0.
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And finally,
(- -y - 4(qui b
) 2
> 122(1- (- o)) - 4 = pyla—Dla- 2 SngI’t :
B %(1 _a _0(01,t*))2) N %(1 —(1 —0<01,t*>)2)
- L2 (- - o)) s
= C12>0

We take the function o = a(C2,t**) from (5.10). Note that all these constants
(including the functions C,«) depend continuously on the metric h, which can be
easily verified by taking a converging sequence of metrics and checking the constants
for convergence.

We take the functions 1[1,\70[: R — R and ¢): R — R from (5.10 & 5.11). If we write

a warped metric h as h = (1, f), the desired deformation is given by:

(1. £ (F2ra®)) Ae0.3]

Uy (h,\) = 5
0 (1. F (Fraleara(1))) Ae 1)

(5.13)

N[ =

This is a continuous family of metrics on R?. Using our family of diffeomorphisms

from (5.9), we can rescale RY, so that we get a family of metrics on D7, :

;

o (1 (0200(1)) ref0,)

metric on D%
Ty (M)

metric on D2,
0

Uy (h,\) = )

@, @, (1. £ (Pra@ara 1)), Ae b1

Et*,t*,Tl(l) Et*,Tl(l),Tg((Q)\—l),T1(1)) ’ ) ) 27
metric on D%2(2>\71)
metric on D%O
(5.14)
where
Ti(A) = ¢%t*,t*,T1(>\) (To)

and

T(\) = T1(N) = 69 o 1, (1) 01 (1) © D 2000 1) (T0)-

From (5.10, 1 & 5.11, 1) we see that this really is a deformation of R(D7,) into
itself and by (5.10 & 5.11) this is continuous. Furthermore, it is constant near the
boundary, since the derivative of our family of diffeomorphisms is the identity there and

the functions v, end in straight lines with slope 1. On [0, %t*] the diffeomorphisms
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¢(...y are all equal to id[O,%t*] and thus the metrics have the form dt® + f(l;)QdéQ or
dt? + f(1p o ¢)2dE? here.

We will abbreviate 12),\70[ and ) by 1; and . In this notation the dependence on
C1,t%,Cr2,t™, X, a will be implied.

What remains to be done now is to verify that the scalar curvature is greater than B

during the deformation. These computations are performed for the metrics on D%

. )
The scalar curvature of (1, f(v)) (see (5.5)) is given by:
o L= (W) j;fw))
- <(q R E E TP
N S B i(f’(i})i}’))
-y <(q T R T
_ B B 17!}0/(1;)21[;/2_ f//(qz))qz)a_ f/(qzj)u;//
=1 <(q o e P i ) 519

Until ¢ reaches l%t*, ¥ < 0 holds (5.10, 3) and therefore —2% > 0.

o _ _ B _f/( )277;/2 f”(&)@z B f/(z;)&// |
o <(q TR0 @ W >>B
_ S S A D e (O 1
R ((q e ) >>B
— P () 242 1IN T
RO s
wiog 17<0 (g =1)(a=2(1 = F)*0?) = BI@? _ s

2(q — 1) f"() f ()

Since "> > > (1- C(C1,t*))2 > B (5.10, 4), the above equation is true.

If ¢ € [wt*, 19015*] ¥ might be positive. On this interval, we have to verify:

R T (T Yl A U0 P i (1) LS M COLIA I
o <(q R W W) )>B
<~— _ _ 1 - f/(¢)2¢/2 f//('l;)iz B B f/(@),l;//

L e o) R o7

)
¢=21—f(W)*° [ BIW) s
2 f@)) F@) 20@=101)
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Again, from (5.10, 4) we can conclude:

q—21—f(p)*?  f'W)?  Bf®
2 f@) (@) F1(@ 2(q — 1) f'(¢)
vst a—21-f(§)? ff/(@( +B’>_ Bf(W) _
preo, gzt 20 fOV@) fr) N2 2(¢ = 1)f"(¥)
N ¢—21- @)  ["W)
B>F 2 fW)F() 2f(¥)
(g=1)(g=2)(1—f'()*) - BfW)?*  Bf)
A= 1) () F' (@) 2(¢ — 1) f'(¢)
_ ¢—21-f'(0)* (¥ Bf ()
4 FD) W) 2f'(D)  Alg— 1) (D)
(5.10, 5) .
> B'>C, > ¢

Since ¢ = 1 when 1 € [l%t*, 00) we get that

L @R )
ko= (¢g—1) ((q —2) F2(4)) 2 f() 7 f@) )
=0

which is clear, as h € Wp. This concludes the curvature computation during the first

part of the deformation.

For the computations on the second part of the deformation we will write f =
f() and 9 = 1. By (5.11, 3) we only need to estimate the scalar curvature when
Y € [{5,t™*]. First we note that the inequality 0 < f'<C=1-C(C,t*) <1 holds
here, because 1%& =1-C(C1,t*) and f" € (0,1) on this interval (see (5.10, 6)). It

again suffices to show

a-21- W e Biw)
2 FwPw P 20a-DIW)
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So,

¢—21—f()?*?  fwp® B
2 W) ‘W) 2g—-1Df (W)
f’ww'sé 1 (q -21-C*  Bf(®) )

U~

() w’2<o ")\ 2 fw) 2(q— 1)
s (=200 - Gyl
2} ()
f(w(g))ﬁ (q—2)(1-C?) — (q]jl)t**Q
F@(t) <t 2t
= : - 2 - _ B *% 2
_ t( T (- (-cu)’) - =g )
> 2@ 5. 1>1 4) "

We now define o(h) = a € [0,1*/2] (Recall that on this interval, ® o . .. 1,y is the
~ - - 10 ) k)
identity) and get that Wq(h,1) = (1, f) satisfies 0 < f/ <1, f” <0 on [0, 0] and

F™(a(h)) =0 for all n > 1,
which completes this proof. O

Proof of lemma 5.10. We take the function 6y from (5.8).

construct a function ) ,(t) and then to take 1/;)\704 to be the solution of the second

The strategy here is to

order differential equation

W alt) Oxa(t)
1;)\,& (0) =0
Uha(0) L.

. . ~/ _
Since we want to start with ¢y , =1

(5.6, 7) the second derivative has to start

with an interval on which it is 0. When &A@ € [&, 3+ we want 1;)\70[ to satisfy

1%\@ = 1-XC(C4,t*), so we have to perform a downwards bend: 1/33{ 0=

2—10)15* on [2%, 1%]

Our next requirement is 1/;:\0[ = 1, while Y, € [t*, 00).

10° 10
—2XC16p (L -

Since

the slope we have is greater than 0, we deduce that there is a point t), depending

continuously on all our parameters, such that &A,a(t)\) = l%t*. From that point on,

we can perform an upwards bend AC16o(*5

together, we get

_é)\cl (L

AC16o (452

HA,a (t) = 7+ )
0

tt)\

) on [t tx+ 5—;] Putting all these pieces

a0)t* on [55, {5
on [ty tx + %]

otherwise
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and we take z/?;w(l to be the solution of our second order differential equation

’(ij\/,oa (t> = 0)\,04 (t)
'(Z})\,oe (O) =0
Pha0) = 1

and T1(\) = 1/;;;(15*) By (2.57) this is continuous in all our variables. The explicit

t S
%(t)—tJr/o /O Ox.a(r)drds.

All that is left to do is to verify the 7 conditions above:

solution is

1., 2., & 5. are obvious from our construction.

t*
3. Here it suffices to show 9y alty + 20) < 19—0t*
e T
Uaalt + 20) tk+20+/ / ya(r)drds
2) tk+20
—t>\+/ / 9)\a drds—i— —|—/ / 9)\a dT‘ds<—t*
tx
=r,a(tr)=T5t* = C(Cl t*)<
<ipt*
4 ! (t)—1+/t—Ace<—1)tds+/xce<5_“>ds
' Aol O\a T 20 o T
0 1 S
>1 +/ —40190(* _ —)t*ds =1 \C(C, 1)
a o« a 20
6. follows from the same computation.
7. follows from
f5 2 s 1 tat55 s —ty
—AC10g( — — = )t*ds = AC10p [ ——= )ds.
[ Bz yea— [ ron(252)0

For the proof of (5.11) we need a little preparation.

Lemma 5.16 ([3, p. 15]). Let a < b € R,c € (0,1) and f > 0, f # 0 a continuous
function on [a,b]. Then there is a smooth cutoff function ¢ on [a,b], i.e. smooth,
increasing functions on R, such that ¢(t) = 0 for t < a and ¢(t) =1 fort > b, such

that , )
/ o) f(t)dt = ¢ / f(t)dt

¢ depends continuously on a,b and c. The same holds for inverse cutoff functions, i.e.
for smooth, decreasing functions 1 > ¢ > 0, such that ¢(t) =1 for t < a and ¢(t) =
fort>0b.
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Proof. Let ¢ be a fixed cutoff function on [0,1]. Then g?)(ii—g) is a cutoff function on
[a,b] and so is ¢, = é((i:—i)”) for any u € (0,00). We will show that we can choose
1, so that the equation above is fulfilled and that our choice of y is continuous in a, b
and c.

Consider the smooth, strictly decreasing function

H: (0,00)

L r—>/ t—a )—c)f(t)dt.

Then H(u) < 0 for p big enough and H(p) > 0 for p close enough to 0. By the inter-

mediate value theorem, there is a unique (remember that H is increasing) ug € (0, 00),
such that H (u0)=0, which means we have found our cutoff function. Now let (ay,, by, ¢;)
be a sequence converging to (a,b,c) and let p,, u be the numbers constructed above

belonging to (ay, by, ¢,) and (a,b,c). Then the function

G:R* —» R
t—a
(a,b,c) / b—a )—c)f(t)dt.
is continuous, which means G(an,bn,c,) — G(a,b,c) = 0. Let v € [0,00] be an

accumulation point of this sequence and let 1, be a subsequence converging to v.

H(:un) - G(anv bna Cn) = H(Mn) - H(M) + G(a’a b: C) _G(ana b'm CTL)

=0
= H(un) — H(p)+G(a,b,c) — Glap, by, cn) — 0
—0 —0
= lim H(u,) = lim G(an,bn,cn).

n—oo n—0o0

So
H(v) = lim H(pp,) = hm G(an,,bn,,cn,) =0
k—oo

k—o00
and we get that H(v) =0 = H(u). But since H is strictly increasing we deduce p = v
and therefore p, — .

The proof for inverse cutoff functions works in the same way. O

Proof of Lemma 5.11. We again will construct ¢, as the solution of a differential equa-

tion.
A (t) = Ox(t)

with the initial conditions ¢4 (0) = 1 and ¢,(0) = 0. What we have to do now, is
construct the function 6.
We set

9 14
a = —tTe 12

20

to anp(l.l/CLg).



5.2 Deformation of warped metrics 71

Then we have

9 -4 1
a = — tTe 912 <
20 — 2
~~ <1
<1/2
ty = aexp(l 1/01 2) = gt** e_éi»lQ exp(l 1/01 2) = gt** < gt**
' ’ 20 ' . 20 10

=1

and

/to Cip2 =C12 1H<%O> =Cip ln(exp(l.l/Clg)) =1.1

Let a; < t1 € [a, tp] be the unique numbers, such that

a1 t1
/ Cl2dt—01—/ Ci2
« t to t

Then ftl %dt = 0.9 and by (5.16) there are cutoff functions ¢1, ¢2 depending con-

a1

tinuously on C1 2 and t**, such that

C'12

/al qﬁl(t)O;’2 = 0.05 = ¢2()

to

Finally, we are able to define

o (D2 ift € [, a]
ifte [041, tl]
(bg(t)% ifte [tl, t()]

0 otherwise.

Note that f91 t)dt = 1. Let 0 < 65(t) < 1 be a smooth, nonnegative bump function
on [0,1], such that [ fq(t)dt = 1.

—04,(10=0) it e [g.ql
Ql(t) = 91( ) ifte [a,to]

0 otherwise.

This is continuous in «, C7 2 and t** and of course smooth in ¢. @) is then given by:

O0y=X-0;

=t /Ot /0 0 (r)drds.

From (2.57) we know that this is continuous in A, a, C1 2 and t**. When 1 reaches

and thus

Ty > t™*/2 > a we see that ¢, > 0. Therefore it is injective here and it makes sense
to define To(\, T1) = ¥ ' (T1).
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What’s left to do, is to check the 6 requirements for this family of functions. 1, 2,
4 and 5 are obvious from our construction. The only things that remain to be shown
are requirements 3 and 6.

Let’s start with 3. ¢{(¢) = 1 on [0,/10] is clear. To show }(t) = 1 when
Py € [l%t*, o0) it is sufficient to show that ) (¢g) < %t**. Then for 1) (t) > %t** >
¥x(to) we have t >ty and therefore

t
PA(t) = 1+/ 0x(s)ds
0
« 10 - 10s — « to
+)\(/Q/10 50— )ds+/a f1(s)ds)
e 1
=1 =
Note that
B “ “10 -~ ,10r — «
/a Ox(r)dr = —/S Ox(r)dr < )\/0 %92( o )dr =X for s < «
S s to _
/ 9A(7")d7’:>\/ O1(r)dr < )\/ 01(s)ds = A for s > «

From our construction we know:

to S
Yalto) = to-l—/o /OGA(r)drds.

- t0+/0t0 (/C)QH,\(r)dr—i-/:HA(r)dr)ds

=—A

to s
= to—)\to—i—/ / O (r)drds
0 a
[e% s to s
= to—)\to+/ / HA(r)drds—i—/ / Ox(r)drds
0 a a a

<A
<Aa
to S
< to— Ato — @) —|—/ / Ox(r)drds
o o
<1
<Ato—a)
see above 9O
< ty— )\(to - Ot) + )\(to — a) =1 < Et**.
Last but not least we consider 6:
Pi(a) = 1+ 049 (s)ds = 14—/@—100~ (108_a)ds =0
1 - 0 1 - 0 90é 2 90( — Yy
-1
n n(n CI,Q n—2
@) = 8" (@) =(e1(@)=2)"

- S ()G o
NEXGEAN

= -0
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because ¢ is a smooth cutoff function. Thus, the function ; and every derivative

vanish at a. ]

5.2.2 Deforming W into W'

Remark 5.17. Our torpedo metric go of radius Ty is a warped metric in the disc.
Let’s assume that go € Wp, i.e. Ty ts so small that the scalar curvature of go is greater

than B. From now on we will write
go = dt® + fo(t)2de2.

with warping function

Folt) = Ty - sin<:27ég>.
=0

Figure 5.4: D%O interpreted as the upper hemisphere of S9(Tp)

Note that in this case 0 < fi <1, fif <0 and fil <0 on (0,Tp).

Definition 5.18. Let h € Wp. We call h a local torpedo metric if, for some number

¢ € 10, Tp], the metric h is a warped metric of the form
Th 2 T\ 2
h— (i) dt? +fo<—0t) de?
c c
in the disc DZ. In other words, the metric h is the pullback of our fixed torpedo metric
go under the linear map ¢ = (Tp/c) - idge inside D¢, i.e. it is a torpedo metric on D¢

of radius Ty. The set of all such metrics together with the subspace topology will be
denoted by Wtee,
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Remark 5.19 ([3, p. 17]). The number ¢ from the preceeding definition (5.18) can be

seen as a continuous function on W'e
c: W — (0, Ty].

Proposition 5.20 ([3, p. 19]). Let ¢ > 3. Let h = (1, f) be a metric on D% (T > Ty
from equation 5.14), such that there is a point o € (0,Ty/2) satisfying:

1. f™ () =0 for alln>1
2.0< f <1 and f" <0 on|0,0].
Then there exists a family of metrics Wo(h, A\, 0) = (fx,gx) on the disc D%O, such that
1. U(h,0,0) =h
7\ 2 < ()2
2. W(h1,0) = (7‘)) dt2+fo<70t) de2 on DY
3. U(h,\,0) = h near the boundary of D%(h).
U depends continuously on h, A and o.

Remark 5.21. U; has been defined as the pullback under some diffeomorphisms
Dy, 1,45 Before applying them, the metric has the form dt* + f2d¢?. Therefore, the
metric we start the following proof with, will be the metric (1, f(&l,an))) on D%(l)
which we will abbreviate by (1, f).

Proof of Proposition 5.20. In this proof we use of the collar we created:

— ~__

collar

Figure 5.5: Deforming into W'

We only construct a deformation on DZ. We will then prolong the collar, i.e. we
will insert a cylinder of length a. This can be done because we created a collar. On
the cylinder we take the straight line homotopy to the metric h* = g(/q) + dt? from
(2.68). This is just the same as in the proof of (4.13).
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So let’s have a look at DZ. The idea is to take a straight line

=Moo+ (1 =NF.

This usually doesn’t preserve positive scalar curvature, but since 0 < f/ < 1and f” <0

as long as t € [0, 0], we have

€[0,1] <0
D g L = NF )" (L= Nf +Ao)

Bl G i ey sk v 2 A
Let v € R. Since the scalar curvature of the metric vh = (v,v - f) is equal to

_ (q - 1) / "

o= s (@20 = ) =22 )
1 1 2 7
= (qyg ) ((q—2) fo _2'];.)7

there is a v € (0, 1], such that v - f\ has scalar curvature greater than B. So the first
part of our homotopy will be (1 — A+ Av)(1, f) = (1 = A+ Av), (1 = A+ Av)f). Next

we apply the above homotopy v - f). Afterwards we need to rescale the metric:

T
g = 1—/\—%)\'*O
(o

z 1
fro= fo((=2+x-0).
If we abbreviate ay :==1— A+ - %, we can use formulae (5.7) and (5.15) to compute:

qg—1
k= ( 2 3)((q_2)(9§—f§29/\) —Qf,/\/fxgx)
f,\g>\
_ 2
I _ 9 X

f3 gif)

2.2
" 2
fo a3

= (a-D(-2)

1-
= @ D25t 2700
1 — f2 1"
fgo —2f—2>>B.

= (@-1((@-2)

Putting everything together, we arrive at:

((1—4x+40) - (1, f) if A € [0,1/4]
v (1, A — D) fo+ (2 — 4)\)f)) it \ € [1/4,2/4]
To((L)A) = v (B- a0+ @r-2)- D),

fo((3— 4N+ (4r —2) - Toyy) if A e [2/4,3/4]
(4= a0y +(r=3) - (2, 7(Z 1)) if A€ [3/4,1)

N—
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2 - 2
For A =1 we arrive at Wa(h,1) = (%) dt* + fo(%> de? ie. Wy(h,1) € Wiee,
Outside of the cylinder we inserted, we didn’t change the metric, so the metric

remained unchanged near the boundary. O
Corollary 5.22. Let ¢ > 3. There is a map
U: Wp x I — Wpg,
such that
1. ¥(.,0)=1id
2. U(h,1) € Wke
3. W(h,t) = h near the boundary of D%O.

Proof. This is accomplished by inserting the deformation above (5.20) before applying

the rescaling diffeomorphisms in (5.14). O

We finish this chapter with two little preparations which will be needed when we

prove the main theorems.

Proposition 5.23 ([3, p. 20]). Let ¢ > 3 and let D§17t2] be the annulus {xr €

Di : ||z € [t1,t2]} and let h be a warped metric on this annulus, i.e. h = g2dt® +
f2d€%. Let B > 0 be a strict lower bound for the scalar curvature of h and suppose
that for some e > 0 we have g =1, f =1g on [t1,t1 + €| U [ta — &,t2]. Then there exists

a continuous family of warped metrics hy, such that
1. hp =h
2. hy = dt* +r3d¢?
3. there exists a § > 0, such that hy = h on [t1,t1 + ] U [ta — 0, t2]
4. kx> B.

Proof. We take fy := (1 — A)f + Arg. Then (1, f) maybe won’t have positive scalar

curvature, but since the metric (C, fy) has scalar curvature

1_L§ "
Fv—(q—l)<(q—2) =2 /5 >

there is a C' > 1, such that k > 0. The following approach is similar to the one from
the proof of the preceding lemma (5.20). We first choose § = /2.

Since f) is constant on the annuli [¢; + d,t1 + €] and [to — €,ty — 0], we don’t have
to enlarge them. Then we increase g(t), so that we may assume that g = C =

maX(C, max;cpy, 1] g(t)) and go through the deformation f) defined above on [t;+¢€, to—
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r l l | | —|
L ' ' i
t, t;+0 tite t-e 60

Figure 5.6: [t1, t2]

gl. Att € [t140 = ts,t. = t1+¢]| we take the metric gy = (1—)\( t=ts ))+)\( =ty )C’ > 1.

te—1s te—ts
This satisfies:

an(ts) = 1
gA(te) = 1-A+XC

and has scalar curvature greater B. f) is constant on [ts, t.]. We use the same approach
on [tg —¢e,ty — 9.

Last we bring C down again. During the entire process, we didn’t change the metric
near the boundary and the scalar curvature was greater then 0. If we increase C
even more, we can even achieve that k) > B. It remains to verify property 2. On
[t1+¢,ta—¢] and on [t1,t1 + 0] U[ta — 0, to] this is clear. On [ty +9,t1 +e]U[ta —€, ta —J]
it follows from the fact that f) is constant here. O

Proposition 5.24. Let ®: DL — DX be a radial diffeomorphism, i.e. ®(v) = d)(”‘l}f'mv
for some diffeomorphism ¢: [0,T] — [0,T] with ¢(0) = 0. Then, the map

" WB — WB
1s well defined.

Proof. 1t is clear that the scalar curvature of ®*h is the same as the scalar curvature
of h. It only remains to show, ®*h is a warped metric. But this follows immediatly
from the computation below (5.1), if we take G=1(t) = ¢ and ¢ = ®:

Let X,Y be tangent vectors at a point t, s € [0, 7] x S9! and let h = g?dt*>+ f2d¢? €
Wpg. Then

Ph(X,Y) = ho(DgygP(X), D e@(Y)).

If X is a vector in the d¢-direction, D, ,®(X) = X, since ® is radial. If X is in the

dt-direction

Doy ®(X) = Lot (1 +)X) = (1) - X.
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So we can conclude our computation with

g(o(t))? - dt? (gb/(t) X, P - Y) if X,Y are in dt-direction

Oh(X,Y) = { F(e(1)? - dEX(X,Y) if X,Y are in d¢-direction
0 else
= g(o(t)* - (¢)*-dt* + f(o(1))* dE>.
~—_———— N——
=:g2 =:f2



6 Surgery invariance of the homotopy type
of RT(M)

This chapter contains the results from [3, pp. 20-22].
Let NP C M™ be a closed submanifold with trivial normal bundle. Let g be a fixed
metric on N and let

B = max(— gg]{fl(f{g]v (x)), O) .

Let 7: NP x D%O — M™ a fixed tubular neighbourhood of N C M. Let gg be a fixed
torpedo metric of radius Ty, where Tp is small enough so that go € Wp. Furthermore
let

W(N,7) = {g € R"(M): 7°(g9) = gn + 9w, guw € Wg}.

The subspace W'¢(N, 1) ¢ W(N,7) shall be defined analogously to (5.18).

Proposition 6.1 ([3, p. 21]). Let (gs)ses be a compact family of metrics. If g5 €
W (N, ), then GLC(t,s) € W(N, ) for all t € [0,1].

Proof. In order to proof this, we need to take a closer look at the construction of
the GLC-map (4.16). First we note that we can choose GLC to take place inside of
an arbitrarily small tubular neighbourhood of N, so we may assume that the entire
deformation takes place inside a small neighbourhood of 7(NN x D%O)

The first part of this deformation is to push out a cylinder:

farn,s(9s + dt™).

Since fys: M < M x R was defined by f,, = eprT-v(gS) odp;"}h op~lo (expgi)_l,
we know that f,s|n is a diffeomorphism onto N, = f, s(N). Therefore, fJ ; doesn’t

change the metric on N and

T*f’;’is(gs + dt2) =gN+ gDLIZ"o

for some metric g pg on the disc. Now let’s have a look at what happens to the metric
0

on D%O. The map dp;és o ¢~ ! only acts by stretching of the normal bundle by some

radial diffeomorphism which preserves the property of being a warped metric (5.24).

Since everything that could happen while applying (expgi )~1

is reversed by exp%7 (g5)?
we know that during this first deformation warped metrics remain warped.
The second part of a GLC-deformation consists of taking a straight path on the

cylinder to the metric gn+go on top of the cylinder. This again means, the deformation

79
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is constant on the N-factor. So again, we have
T*le(l),s (062()\, 5)) =gN + gD%O-
As go is a warped metric, we can write gy = gidt? + f2d¢2. By
t(gldt? + f{de?) + (1 —1)(g3dt® + f3dE?)

= (tgi + (1 —t)g3) dt* + (tf7 + (1 — t) f3) d&*

.

~~

=32 :f2
§g = \Jtgg+ (1 —-1t)g3
fo= \Jtri+Q-0)f2

we conclude that the space of warped metrics in the disc is convex. So we deduce
that ngb from above remains a warped metric during the second part of a GLC-
deformation.

The third part of the deformation purely consists of taking the pullback under radial
diffeomorphisms. By (5.24) it is clear that this maps W (N, 7) into itself. O

Theorem 6.2. Let ¢ > 3. Then the subspace R§ (M) is a weak deformation retract
of W(N, ).

Proof. Without loss of generality we may assume that 7 is defined on N X D%l for
some T > Tp.

We fix a continuous family of radial diffeomorphisms (®x 1) xer,7¢(0,1,] Of D%l, such
that:

1. @1 = id
2. @7 acts on D7, by multiplication by T'/Tp

3. If T* € [Ty, Th] is such that @y p(D%.) = D%O, then ®, 7 is a radial isometry on
a neighbourhood of D%, = S171(T™).

We define the retraction map as

ri W(N,7) ?’(—Qi)) Wiee(N, ) S RE (M),
5.2:
where ®(h) = &} o(nylt» Where c(h) is the map from (5.19) and V¥ is the map that was
constructed in chapter 5 (5.22). What we need to show is that for r and ¢: R (M) —
W(N, ), the compositions r o ¢ and ¢ o r are homotopic to the identity.

Let’s consider ¢ o r first. The homotopy here is given by

U (h,2)) if A e[0,1/2]

D) =1 o ,
Dlor_ny e’ A€ [1/2,1], (B = ¥(h,1)).
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It is clear that
D(h,0) = h
D(h,1) = q’ic(\p(hg))‘l’(h’ 1) =r(h).
Now we have to look at 7 o ¢. For any metric h we know from chapter (5.2) that
c(¥(h,1)) =T < Tp/2. Let h be a metric from R (M). Because of our construction

of ¥ (the whole construction from chapter 5.2 took place inside of D%O /2) we know
that W(h,1) = h on Tp/2 < ||z|| < T7.

Before applying @, "

After applying @, ;"

v ~ - <
pullback of a torpedo Metric remains. ~— ~ Pullback
metric of radius T, unchanged during y torpedo metric of radius T, me;rlc

under ®

Figure 6.1: Rescaling D7,

So there is a number T* > Ty satisfying ®; gy (D7.) = D7,. This means that
on T* < ||z|| < Ty, r(h) is exactly the pullback of h restricted to Ty < ||z| < Ty
under the diffeomorphism @y ;). On Ty < ||z|| < T it is a warped metric Ay, which
satisfies hu|ga-1(1y) = hwlga-1(7+), since @) .5y was chosen to be a radial isometry
on a neighbourhood of S9=1(T*). Without loss of generality we may assume that
hy = dt? 4+ rod€? on a neighbourhood of the boundary and by (5.23) we may assume
that h,, = dt? + rod&? on the entire annulus Ty < ||z|| < T*. The desired deformation
then consists of contracting the annulus Ty < ||z|| < T* to S9~(Tp) and at the same
time stretching 7 < ||z|| < T3 to Ty < ||z|| < T1. This will be done by going backwards
through the above family of diffeomorphisms ®, ), i.e. by taking the deformation
@1 Ac(ny- We then receive the metric h, we initially started with, which completes
the proof of this theorem. O

Theorem 6.3. Let ¢ > 3. The inclusion map
v RE(M) — RY(M)
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1s a homotopy equivalence.

Proof. We already know that RJ (M) is a deformation retract of W(r, N). Since
all of these spaces are dominated by CW-complexes [12, p. 4], we conclude from
WHITEHEAD’s theorem [16, p. 215] that it is sufficient to show, that the inclusion
v: W(N,7) = R (M) is a weak equivalence. So it suffices to check that ¢ is a bijection
on o and that m.(R* (M), W (N, 7)) =0 for all r > 1.

We first verify that ¢ is a bijection on m. Let hy,ho € W (N, 7T) be two metrics that
lie in the same path component of RT(M). Thus, there is a path « from hy to hs.
Now we need to show that there is a path in W (N, 7) from hy to hs. Let

GLC: D' x I - R™ (M)
be a GROMOV-LAWSON-CHERNYSH-deformation for the family a(s) of metrics, i.e a
homotopy satisfying GLC(s,0) = a(s) and GLC(s,1) € R§ (M) C W(N, ) for all

s € D!. Then
GLC(0, 3t) ift €[0,1/3]

a(t) = { GLC(3t—1,1) ifte[1/3,2/3]
GLC(1,3—3t) ifte[2/3,1]
is our required path.
Now let [o] € m(RT (M), W(N, 1)), where a: (D", S""') — (RT(M),W(N,1)) is
a continuous map. Let GLC be a deformation for the family «(s) of metrics. Then
GLC: D" x I — R*(M)
is a deformation, such that GLC(s,1) € R§(M) C W(N,7) and GLC(S""1,¢) €
W(N, ) for all t € I. This implies [a] = 0. O

Theorem 6.4. Let My and Ms be two manifolds, such that My is obtained from M
by surgery in dimenston of at least 2 and in codimension of at least 3. Then there is
a homotopy equivalence between R (M) and R+ (My).

Proof. Let p > 2, ¢ > 3 and let 7: SP x DY — M]" be the embedding of the surgery

sphere with trivial normal bundle. Furthermore let

My = M;\7(S? x D?)

M1 = Mo U (Sp X Dq)
SPxSe—1

My = My U (DPF!x g9,
Skxga—1

We now choose torpedometrics on D9 and on DPT! of the same radius. In this case
the metrics on S? x D? and on DP*! x S9~1 agree on SP x S9=1. Their restriction shall
be denoted by h. Finally we get
’R+(M1) >~ RS_(MI)
~ {geR"(My): g=hon S’ x ST 1}
~ RE(Ms) ~RT(Ms).
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Note that we need ¢ > 3 for the first equivalence and p + 1 > 3 for the last one, i.e.
the surgery has to take place in dimension of at least 2 and in codimension of at least

3. This completes the proof of the main theorem. O
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